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Abstract 

Though our primary motivation is to study properties of the ground states 
of a Hamiltonian for quantum spin chain, in this exposition we propose a 
general methodology valid for a translation invariant state. To that end we 
study the associated Popescu systems [Po,BJKW] representing the translation 
invariant state and find an useful criteria for the state to be pure. As a simple 
consequence of this criteria we prove a surprising result which says that there 
exists no translation invariant real lattice symmetric and S77(2)-gauge invariant 
pure state for half-odd integer spin chain. As a consequence of this result we 
prove that ground state for half-odd integer spin chain is not unique for any 
SU (2)-gauge invariant translation and lattice symmetric Hamiltonian. In other 
words this exhibits that there is a phase transition in the ground state for anti- 
ferromagnetic isotropic Heisenberg half-odd integer spin chain. 
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1 Introduction: 



It has been known in physics literature that the spin anti-ferromagnetic 
quantum spin chain has either slow decay of correlation or breaking down of 
lattice translational symmetry. This observation was mainly supported by the 
exact solution of integrable models. In [AL] L. Affleck and E. Lieb have shown 
that, for half-odd integer spin, there exists an excitation with arbitrary small 
energy for anti-ferromagnetic Heisenberg Hamiltonian provided the infinite vol- 
ume ground state is unique. However, if higher spin systems are concerned the 
situation seems more complicated. In fact, Haldane argued and conjectured 
that the integer spin Heisenberg models have a unique ground state with spec- 
tral gap and exponential decay of spacial correlation while the half-odd integer 
model behaves as a massless quantum field theory. Though the original as- 
sertion of the conjecture is still an open problem, a number of mathematical 
results related to the conjecture appeared in the literature ( see [Ma2] and 
reference there in ) supporting the conjecture. 

The seminal papers on translation invariant 'quantum Markov states' 
[Ac, Mai] or 'finitely correlated states' [FNW1,FNW2] prove existence of 
a canonical quantum dynamical semigroup on matrix algebra. Exploring 
Popescu's work on representation theory of Cuntz algebra, Bratteli, Jorgensen 
and Price [BJP] developed a general method valid for any translation invariant 
state. In a follow up paper Bratteli, Jorgensen, Kishimoto and Werner [BJKW] 
studied associated Popescu systems and a duality argument is used to find a 
criteria for the state to be pure. Here we explore the criteria with an impor- 
tant refinement and investigate a natural covariant Popescu systems associated 
with a compact group and translation invariant pure state. In particular we 
will study SU{2) group half-odd integer case in section 4 for our main result 
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that there exists no pure translation and SU (2) invariant state when the spin 
s ( i.e. d = 2s + 1 ) is an half-odd integer. 

We briefly set the standard notation and known relations in the following. 
The quantum spin chain we consider here is described by a UHF C*-algebra 
denoted by A = ®%M d . Here A is the C* -completion of the infinite tensor 
product of the algebra Md((7) of d by d complex matrices, each component of 
the tensor product element is indexed by an integer j. Let Q be a matrix in 
M d (C). By Q ij) we denote the element ... ® 1 ® 1...1 ® Q ® 1 ® ...1®, , ., where 
Q appears in the j-th component. Given a subset A of Z, A\ is defined as the 
C*-subalgebra of A generated by all with Q e M d (C), j e A. We also set 

Aioc = l^J A\ 

A:|A|<oo 

where |A| is the cardinality of A. Let wbea state on A. The restriction of uj to 
Aa is denoted by uj\. We also set ujr = W[i )0 o) an d = ^(-oo,o]- The transla- 
tion 9k is an automorphism of A defined by 9k(Q^) = Q^ +k ^ ■ Thus 0\, Q-\ are 
unital *-endomorphism on Ar and Al respectively. We say uj is translation 
invariant if u o 9k = oo on A ( uj o 9\ = uj on A ) . In such a case (»4h, ^i, ujr) and 
(^4^, c<j l ) are two unital *-endomorphisms with invariant states. It is well 
known that translation invariant state a; is a factor (i.e. the GNS representation 
is a factor representation ) if and only if limit|fc|_ >00 o;((5i^ifc((52)) — ► w{Q-i)uj{Q2) 
for all Qi,Q2 in A. Similar statement with appropriate direction of limit is 
valid for uj l , ujr. Thus for a translation invariant factor state uj of A, states ujr 
and ujl are factors too. Converse is also true. 

However for a translation invariant pure state uj on A, the factor state 
(Ar, ujr) need not be pure or even type-I in general. The unique ground state 
uj for XY model [Mai] is a pure state on A for which (Ar, uj r ) is type-IIL. One 
important related issue with the present problem is to find a useful criteria for 
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(Ar, wr) to be a type-I factor? Since this problem is not directly related with 
the present problem and we refer to [Mo3] where a notion of detailed balance 
state is introduced inspired by Onsager's reciprocal relations [AcM,Mo2]. 

The paper is organized as follows. In section 2 we study Popescu systems 
associated with a translation invariant state on Cuntz algebra Od and review 
'cummutant lifting theorem' investigated in [BJKW]. In section 3 we explore a 
duality argument developed in [BJKW] and find a useful criteria for a transla- 
tion invariant factor state factor state to be pure. This criteria is a corrected 
and refinement of the results obtained in [BJKW, Theorem 7.1]. 

Our main application of the criteria appeared in Theorem 4.2 which says 
that there exists no lattice symmetric translation invariant S'?7(2)-gauge in- 
variant pure state when the spin s is a half-odd integer. In the last section we 
study ground states of a class of translation invariant Hamiltonians. In partic- 
ular we prove that ground state for any half-odd integer spin chain with SU(2) 
gauge symmetry is not unique. This indicates that besides Bethe's solution 
for ground states, there are other solutions. However our line of investiga- 
tions seems to give very little information for integer spin quantum spin chain. 
For further investigation related to Haldane's conjecture on anti-ferromagnetic 
Heisenberg model, we refer to [Mo3]. 
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2 States on Od and the commutant lifting the- 
orem 

First we recall that the Cuntz algebra Od(d G {2,3, .., }) is the universal C*- 
algebra generated by the elements {s\, S2, Sd} subject to the relations: 

*Ui = ¥ 

E = i- 

i<i<d 

There is a canonical action of the group U (d) of unitary d x d matrices on 
O d given by 

Pg( s i) = 2 9iSj 

l<j<d 

for g — ((gj) G U(d). In particular the gauge action is defined by 
/3 z (si) = zsi, z G T = S 1 = {z G E : \z\ = 1}. 
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If UHFrf is the fixed point subalgebra under the gauge action, then UHF^ is 
the closure of the linear span of all wick ordered monomials of the form 

s h-- s i k s j k — s ji 

which is also isomorphic to the UHF rf algebra 

so that the isomorphism carries the wick ordered monomial above into the 
matrix element 

4(1) ® e%{2) <g> .... <g> e) k k (k) <g> 1 <g> 1.... 
and the restriction of f3 g to UHFd is then carried into action 

Ad(g) <g> Ad(g) <g> Ad(g) <g> .... 

We also define the canonical endomorphism A on by 

K x ) = s i xs i 
i<i<d 

and the isomorphism carries A restricted to UHF rf into the one-sided shift 

Vi®V2® ••• -> 1 <8» 2/i <8> 3/2 — 
on ®?°M d . Note that A/3 9 = /3 9 A on UHF d . 

Let d E {2, 3, .., , ..} and ^ be a set of d elements. X be the set of finite 
sequences / = (ii,i2, ■■■,i m ) where ik E %d and m > 1. We also include empty 

set E J and set = 1 = sjj, Sj = s im G and = s^.-.s? G d . In 

the following we recall from [BJKW] a crucial result originated in [Po,BJP]. 

THEOREM 2.1: There exists a canonical one-one correspondence between 
the following objects: 
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(a) States tp on O d 

(b) Function C : X x X — > Z7 with the following properties: 

(i) C(0,0) = 1; 

(ii) for any function A : X — > Z7 with finite support we have 

J2 ~Mj)c(i, J)x(J) > o 

(hi) E ie * d C(/i, Ji) = C(J, J) for all I, J G X. 

(c) Unitary equivalence class of objects (/C,fi,i>i, ..,i><i) where 

(i) K, is a Hilbert space and Q is an unit vector in /C; 

(ii) vi, ..,v d G B(K) so that Eie^ d ^* = 1; 

(hi) the linear span of the vectors of the form v}Q, where I G X, is dense in /C. 

Where the correspondence is given by a unique completely positive map 
R:O d ^ B(K) so that 

(i) R(s lS *j) = v^j- 

(ii) i)(x) =< tt,R(x)tt >; 

(hi) ip(s I s* J ) = C(I, J) =< v}n,v*jn > . 

(iv) For any fix g G C/^ and the completely positive map R g : O d 
<B(/C) defined by i? 3 = R o (3 g give rises to a Popescu system given by 
(£,^,A>i),--,A>d)) where = Ei<j<d#^r 

Now we present a commutant lifting theorem ( Theorem 5.1 in [BJKW]). 

THEOREM 2.2: Let Vi,v 2 ,---,v d be a family of bounded operators on a 
Hilbert space /C so that Ei<fc<d t 'fc t 'fc = I- Then there exists a unique up to 
isomorphism Hilbert space H, a projection P on /C and a family of operators 
{*Sfc 1 < A; < d, P} satisfying Cuntz's relation so that 

PS* k P = S* k P = v* k (2.1) 
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for all 1 < k < d and /C is cyclic for the representation i.e. the vectors 
{S[JC : |/| < 00} are total in H. 
Moreover the following hold: 

(a) A„(P) I / as n j 00; 

(b) For any D G B T (JC), A n (D) — > X' weakly as n — > 00 for some X' in 
the commutant {S^, 5^ : 1 < /c < d}' so that PX'P = D. Moreover the 
self adjoint elements in the commutant {S k , SI : 1 < k < d}' is isometrically 
order isomorphic with the self adjoint elements in £> T (/C) via the surjective map 
X' -> PX'P, where B T (/C) = {a; G i3(/C) : Ei<k<dV k xv* k = x}. 

(c) {v k ,vl, 1 < k < d}' C B T (1C) and equality hold if and only if P G 
{S k ,S k , l<k<d}". 

PROOF: Following Popescu [Po] we define a completely positive map R : 
O d - i3(/C) by 

R( Sl s*j) = vjv* (2.2) 

for all |/|, |J| < 00. The representation Si,..,Sd of (9^ on thus may be 
taken to be the Stinespring dilation of R [BR, vol-2] and uniqueness up to 
unitary equivalence follows from uniqueness of the Stinespring representation. 
That /C is cyclic for the representation follows from the minimality property 
of the Stinespring dilation. For (a) let Q be the limiting projection. Then we 
have A(Q) = Q, hence Q G {S k , S^}' and Q > P. In particular QSif = Sif 
for all / G /C and |/| < 00. Hence Q = I by the cyclicity of /C. For (b) 
essentially we defer from the argument used in Theorem 5.1 in [BJKW]. We 
fix any D G B T (K) and note that PA k {D)P = r k (D) = D for any k > 1. Thus 
for any integers n > m we have 

k m (P)k n {D)k m {P) = k m {PK-m{D)P) = A m (D) 

Hence for any fix m > 1 limit < f,A n (D)g > as n — > 00 exists for all /, g G 
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A m (P). Since the family of operators A n (D) is uniformly bounded and A m (P) j 
/ as m — > oo, a standard density argument guarantees that the weak operator 
limit of A n (D) exists as ra — > oo. Let X' be the limit. So A(X') = X', by 
Cuntz's relation, X' G {S k ,S* k : 1 < k < k}'. Since PA n {D)P = D for all 
n > 1, we also conclude that PX'P = D by taking limit n — > oo. Conversely 
it is obvious that P{S k ,S k : /c > 1}'P C B T {K). Hence we can identify 
P{Sfc, : k > 1}'P with B T (/C). 

Further it is obvious that X' is self-adjoint if and only if D = PX'P is self- 
adjoint. Now fix any self-adjoint element D G B T {K). Since identity operator 
on /C is an element in B T (/C) for any a > for which -«P < D < aP, we 
have aA n (P) < A n (D) < aA n (P) for all n > 1. By taking limit n — > oo we 
conclude that —a/ < X' < a/, where PX'P = D. Since operator norm of a 
self-adjoint element A in a Hilbert space is given by 

\\A\ \ = inf a > {a : —al < A < al} 

we conclude that \\X'\\ < \\D\\. That ||D|| = \\PX'P\\ < \\X'\\ is obvious, 
P being a projection. Thus the map is isometrically order isomorphic taking 
self- adjoint elements of the commutant to self-adjoint elements of <B T (/C). 

We are left to prove (c). Inclusion is trivial. For the last part note that for 
any invariant element D in B{K) there exists an element X' in {Sk,Sl, 1 < 
k < d}' so that PX'P = D. In such a case we verify that Dv* k = PX'PS* k P = 
PX'S* k P = PS* k X'P = PS* k PX'P = v* k D. We also have D* G B T {K) and thus 
D*v* k = v* k D*. Hence D G {v k ,v* k : 1 < k < d}'. Since Pn^(O d )'P = B(K,) T , 
we conclude that B(JC) T C A4'. Thus equality hold whenever P e {o^fc, 5^, 1 < 
k < d}". For converse note that by commutant lifting property self-adjoint 
elements of the commutant {S k ,Sl,l < k < d}' is order isometric with the 
algebra M' via the map X' -> PX'P. Hence P G {Sfc,S£,l < k < d}" by 
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Proposition 4.2 in [BJKW]. ■ 

PROPOSITION 2.3: Let ip be a state on O d and (H w , ir^,, Q^) be the GNS 
representation. Then the following hold unique up to unitary isomorphism: 

(a) There exists a family vi,v 2 , ...,Vd of bounded operators on a Hilbert sub- 
space K of with a unit vector f2 so that Ekk^*^ = ^ an d {^/^ : |-f| < 
oo} is total in /C; 

(b) For any / = (i u i 2 , i k ), J = (j\, 32, ji) with |J|, | J\ < oo we have 
Co(s I s* J ) =< il,viv}£l > and the vectors {Sif : f e /C, |/| < oo} are total 
in the GNS Hilbert space associated with (Q d ,ip), where S k = vr^,(s fc ) and 
v% = PSIP for all 1 < k < d and P is the projection on the closed subspace 
generated by the vectors {S^fi; |/| < oo}. 

Conversely given a Popescu system (JC,Vk, 1 < k < d, Q) satisfying (a) 
there exists a unique state ip on O d so that (b) is satisfied. 
Furthermore the following statements are valid: 

(c) If the normal state <f>o(x) =< Q,xQ > on the von-Neumann algebra M. = 
{vi,v*}" is invariant for the Markov map t(x) = J2i< k <d v i xv h x E Ai then ip 
is A invariant and <p is faithful on M.. 

(d) If P E n^(0)" then ip is an ergodic state for (O d , A) if and only if (M, r, O ) 
is ergodic. In such a case M is a factor. 

PROOF: We consider the GNS space (H n , 7ty, £1^) associated with (Od, ip). 
Set Si = n^(si) and consider the normal state ipn on n^(Od)" defined by 
xjjfi(X) =< Q,XQ >, where for simplicity we use symbol Q for Q^,. Let P be 
the closed subspace generated by the vectors {S}Q : \I\ < oo}. It is obvious 
that S*P C P for all 1 < k < d, thus P is the minimal subspace containing Q, 
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invariant by all {S* : 1 < k < d} i.e. 



PS* k P = S* k P 



(2.3) 



Let /C be the range of P as a Hilbert subspace of H^, 



v k = PS k P 



(2.4) 



for 1 < k < d and M. be the von- Neumann algebra generated by {vi, v*}. Thus 
v* = S*P and J2i ViV* = J2i PSiS*P = P which is identity operator in /C. This 
completes the proof of (a). 

For (b) we note that 



Since is spanned by the vectors {SiS}Q : |/|, | J| < oo} and /C is spanned 
by the vectors {S}Q = VjQ : \I\ < oo}, /C is cyclic for Si i.e. the vectors 
{S//C : |/| < oo} spans H^. Uniqueness up to isomorphism follows as usual by 
total property of vectors v}il in /C. 

Conversely for a Popescu systems (/C, Vi,Q) satisfying (a), we consider the 
family (H, S k , 1 < k < d, P) of Cuntz's elements defined as in Theorem 2.2. 
We claim that f2 is cyclic vector for the representation n(si) — > Si. Note that by 
our construction vectors {Sif, f E K. : \I\ < oo} are total in Ti and v*jVL = S}Q 
for all | J | < oo. Thus by our hypothesis that vectors {v}Q : |/| < oo} are total 
in /C, we verify that vectors {SjS}fl : |/|, | J| < oo} are total in H. Hence Q is 
cyclic for the representation s« — > Si of Od- 

We left to prove (c) and (d). It simple to note by (b) that ip\ = ip i.e. 



=< n,PS!S*jPn >=< Q, Vl v*jn > . 



^ < fi, SiSjS^S*^ >=< Q, SjS*jQ > 
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for all |/|, | J | < oo if and only if the vector state 0o on M. is invariant. Let p' be 
the support projection in M. for r invariant state O - Thus O (1 — p') — and 
by invariance we have 4> (p'r(l — p')p') = 0o(l — p') — 0- Since p'r(l—p')p' > 0, 
by minimality of support projection, we conclude that p'r(l —p')p = 0. Hence 
p'Vt = Q and p'v* k p' = v* k p' for all 1 < k < d. Thus p'v}Q = v}Q for all |/| < oo. 
As JC is the closed linear span of the vectors {v}Q : |/| < oo}, we conclude that 
p' = p. In other words O is faithful on M.. This completes the proof for (c). 

We are left to show (d). Q being a cyclic vector for 7r^(Od), the weak* limit 
of the increasing projection A k (P) is /. Thus by Theorem 3.6 in [Mol] we have 
(n^(O d )", A, Tpo) is ergodic if and only if the reduced dynamics (M.,t, (j> ) is 
ergodic. Last part of the statement is an easy consequence of a Theorem of D. 
E. Evans [Ev], (also see Fr, Mol, BJKW]). ■ 

Before we move to next result we comment here that in general for a A 
invariant state on Od the normal state on M. = {v k ,vl : 1 < k < d}" need 
not be invariant for r. To that end we consider [BR2 page -] the unique KMS 
state ip = ip/3 for the automorphism a t (si) = e %t Si on 0^. ip is A invariant and 
ipl\JEF d is the unique faithful trace, ip being a KMS state for an automorphism, 
the normal state induced by the cyclic vector on ir^(Od)" is also separating for 
ir(O d )". As ip(3 z = ip for all z G S 1 we note that < Q,7r(s 7 )Q >= for all 
|/| > 1. In particular < Q,VjQ >= where (i>j) are defined as Proposition 2.3 
and thus ViVl = for all 1 < % < d. Hence is not separating for M. Thus by 
Proposition 2.3 (c) we conclude that O is n °t r invariant. This example also 
indicates that the support projection of a A invariant state ip in ir(Od)" need 
not be equal to the minimal sub-harmonic projection Pq i.e. the closed span 
of vectors {SjQ : |/| < oo}. 

PROPOSITION 2.4: Let tt^, to) be the GNS representation of a A 
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invariant state ip on Oa and P be the support projection of the normal state 
ipn(X) =< £1, Xil > in the von-Neumann algebra ir^(O d )". Then the following 
hold: 

(a) P is a sub-harmonic projection for the endomorphism A(X) = J2k S k XSl 
on -K^Od)" i.e. A(P) > P satisfying the following: 

(i) A n (P) t / as n t oo; 

(ii) PS* k P = S* k P, 1 < k < d, where S k = n a (s k ); 
(hi) J2i<k<dVkvt = I where v k = PS k P for 1 < k < d; 

(b) For any / = i 2 , i k ), J = (ji, J2, ji) with |/|, |J| < oo we have 
<^( s i s j) =< Q,ViVjQ > and the vectors {Sif : f G K., \I\ < oo} are total in 

(c) The von-Neumann algebra M. = P-K^(O d )"P, acting on the Hilbert space 
/C = PH W , is generated by {v k) v I : 1 < k < d} and the normal state 4>o(x) =< 
tt,x£l > is faithful on the von-Neumann algebra M. 

(d) The self-adjoint part of the commutant of n^{Od)' is norm and order iso- 
morphic to the space of self-adjoint fixed points of the completely positive 
map r. The isomorphism takes X' G ncj{Od)' onto PX'P G B T (IC), where 
B T {K) = {x G B(JC) : E k v k xv* k = x}. Furthermore M' = B T {K). 

Conversely let M. be a von-Neumann algebra generated by a family {v k : 
1 < k < d} of bounded operators on a Hilbert space /C so that J2k v kvl = 1 and 
the commutant M' = {x G £>(/C) : Y.k v kxvl = x}. Then the Popescu dilation 
(H, P, S k , 1 < k < d) described as in Theorem 2.2 satisfies the following: 

(i) P€{S k ,S* k , l<k<d}»; 

(ii) For any faithful normal invariant state <p on M. there exists a state ip on 
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Od defined by 

ip(sjs*j) = foivjVj), \I\, | J| < oo 

so that the GNS space associated with (M, O ) is the support projection for ip 
in n^{O d )" satisfying (a)-(d). 

(e) 0o is a normal invariant state for r on M. Furthermore the following 
statements are equivalent: 

(i) ip is an ergodic state; 

(ii) (M,T,(f) ) is ergodic; 

(iii) M is a factor. 

PROOF: A(P) is also a projection in 7ty(0 d )" so that Vn(A(P)) = 1 by 
invariance property. Thus we have A(P) > P i.e. PA(7 — P)P = 0. Hence we 
have 

PS*P = S*P (2.5) 

Moreover by A invariance property we also note that the faithful normal state 
4>o(x) =< £l : xQ > on the von-Neumann algebra M = Pn^(Od)"P is invariant 
for the reduce Markov map [Mol] on M. given by 

t(x) = PA(PxP)P (2.6) 

We claim that lim nToo A n (P) = I. That {A n (P) : n > 1} is a sequence of 
increasing projections follows from sub-harmonic property of P and endomor- 
phism property of A. Let the limiting projection be Y . Then A(Y) = Y and so 
Y G {Sk, S%.}'. Since by our construction GNS Hilbert space TC na is generated 
by SiSjVL, Y is a scaler, being a non-zero projection, it is the identity operator 
in H^. 

Now it is routine to verify (a) (b) and (c). For the first part of (d) we 
appeal to Theorem 2.2. For the last part note that for any invariant element 



15 



D in B(fC) there exists an element X' in 7r(Od)' so that PX'P = D. Since 
P G n(O d )" we note that (1 - P)X'P = 0. Now since X' G {S k , S* k }', we verify 
that Dvl = PXPStP = PXSIP = PStXP = PStPXP = vlD. Since D* G 

hj n, n, /v rv ft. 

B T {K) we also have D*^ = v* k D*. Thus D G {v k ,v* k : 1 < fc < d}' = M' . Since 
PituiOd)' P = B(1C) T , we conclude that B(JC) T C A^'. The reverse inclusion is 
trivial. This completes the proof for (d). 

For the converse part of (i), since by our assumption and commutant lifting 
property self-adjoint elements of the commutant {Sk, S k , 1 < k < d}' is order 
isometric with the algebra M' via the map X' — > PX'P, P E {S k , S k ,l < k < 
d}" by Proposition 4.2 in [BJKW]. For (ii) without loss of generality assume 
that (/> (x) =< £l,xQ > for all x G M. and VL is a cyclic and separating vector 
for M.. We are left to show that Q is a cyclic vector for the representation 
?r(sj) — > -S'j. To that end let F G ir^Od) 1 be the projection on the subspace 
generated by the vectors {SjS}Q. : |/|, | J| < oo}. Note that P being an element 
in -n(Od)", Y also commutes with all the element Pir(Od)"P = PMP. Hence 
YxVt = xtt for all x G Ai. Thus F > P. Since A n (P) | / as n f oo by our 
construction, we conclude that Y = A n (Y) > A n (P) | I as n f oo. Hence 
F = /. In other words f2 is cyclic for the representation Sj — > S'j. This 
completes the proof for (ii). 

The first part of (e) is routine. By Theorem 3.6 in [Mol] Markov semigroup 
(M,r,(f) ) is ergodic if and only if (ir^(O d )", A, ipn) is ergodic ( here recall by 
(a) that A n (P) | / as n | oo. By a standard result [Fr, also BJKW] r, O ) 
is ergodic if and only if is a factor. This completes the proof. ■ 

The following two propositions are essentially easy adaptation of results ap- 
peared in [BJKW, Section 6 and Section 7], stated here in our present frame- 
work. A slight variation of the following proposition is crucial for the main 
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results (Theorem 3.4) of the next section. 

PROPOSITION 2.5: Let ip be a A invariant factor state on Od and 
(H n ,n,Q) be it's GNS representation. Then the following hold: 

(a) The closed subgroup H = {z £ S 1 : vpf3 z = t/j} is equal to {z G S 1 : 
/^extends to an automorphism of Tc(Od)"}- 

(b) Let be the fixed point sub-algebra in Od under the gauge group {f3 z : 
z G H}. Then ir(Oj?)" = 7r(UHF d )". 

(c) If if is a finite cyclic group of k many elements and 7r(UHFrf)" is a factor, 
then 7r((9 d )"n7r(UHF d )' = E rn where 1 < m < k. 

PROOF: It is simple that H is a closed subgroup. For any fix z G H we define 
unitary operator U z extending the map n(x)Vl — > n({3 z (x))Q and check that the 
map X — > U Z XU* extends f3 z to an automorphism of ir(O d )"- For the converse 
we will use the hypothesis that ip is a A-invariant factor state and f3 z \ = \f3 z to 



guarantee that if>/3 g (X) = \ Ei< fc <„ ^X h (3 z (X) = ^ Ei< fc <n ^A fe (X) -> ^(X) 



as n — > oo for any X G ir(Od)", where we have used the same symbol (5 Z for 
the extension. Hence z G H. 

Now iJ being a closed subgroup of S 1 , it is either entire S* 1 or a finite 
subgroup {exp(^)\l = 0,1,..., A; - 1} where the integer k > 1. If if = S 1 
we have nothing to prove for (b). When H is a finite closed subgroup, we 
identify [0, 1) with S* 1 by the usual map and note that if f3 t is restricted to 
t G [0, |), then by scaling we check that j3 t defines a representation of S* 1 in 
automorphisms of O^. Now we consider the direct integral representation ir' 
defined by 



of Oj on H\ H ®L 2 ([0, j) ), where H\ H is the cyclic space of vr(O^) generated 

d d 

by Q. Interesting point here to note that the new representation ir' is {(5 t ) 
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covariant i.e. n'Pt = Pt^', hence by simplicity of the C* algebra Od we conclude 
that 

7r'(UHF d )" = n\Of) l,(3t 

By exploring the hypothesis that ip is a factor state, we also have as in 
Lemma 6.11 in [BJKW] I <g> L°°([0, \) ) C ^'{Of)". Hence we also have 

Since f3 t is acting as translation on I <g> L°°([0, |) ) which being an ergodic 
action, we have 

7T'(UHF d )" = 7T(0? )" ® 1 

Since ^'(UHF^)" = 7r(UHF d )" <g> 1, we conclude that ^(UHF^)" = ir(Of)". 

The statement (c) follows from lemma 7.12 in [BKKW]. ■ 

Let uj' be an A-invariant state on the UHF rf sub-algebra of O d . Following 
[BJKW, section 7], we consider the set 

Ku>> — {"0 : "0 is a state on Od such that ip\ = ip and "^lUHFj = ^ ) 

By taking invariant mean on an extension of uj' to Od, we verify that K w i 
is non empty and K w i is clearly convex and compact in the weak topology. In 
case uj' is an ergodic state ( extremal state ) K u > is a face in the A invariant 
states. Before we proceed to the next section here we recall Lemma 7.4 of 
[BJKW] in the following proposition. 

PROPOSITION 2.6: Let uj' be ergodic. Then ip e K u i is an extremal point 
in K u i if and only if -0 is a factor state and moreover any other extremal point 
in K u i have the form ip(3 z for some z G S 1 . 
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PROOF: Though Proposition 7.4 in [BJKW] appeared in a different set up, 
same proof goes through for the present case. We omit the details and refer to 
the original work for a proof. ■ 

3 Dual Popescu system and pure translation 
invariant states: 

In this section we review the amalgamated Hilbert space developed in [BJKW] 
and prove a powerful criteria for a translation invariant factor state to be pure. 

To that end let M be a von-Neumann algebra acting on a Hilbert space 
/C and {vk, 1 < k < d} be a family of bounded operators on /C so that 
■M = {vk,vl, 1 < k < d}" and J2k v kVk = 1. Furthermore let Q be a cyclic and 
separating vector for M so that the normal state 4>o(x) =< Vl.xVL > on M is 
invariant for the Markov map t on M. defined by t(x) = J2k v kxvl for x G M. 
Let to be the translation invariant state on UHF rf = ®%M d defined by 

<"(e£(Z) ® (e%(l + 1) ® .... ® (ef n (l + n - 1)) = O (^}) 

where e*(7) is the elementary matrix at lattice sight / G 

We set = Jai_(v* k )J G .M' ( see [BJKW] for details ) where J and a = 
(a t , t G -R) are Tomita's conjugation operator and modular automorphisms 
associated with O . 

By KMS relation [BR vol-1] we verify that 

and 

0o(u/u}) = <f>o(viVj) (3.1) 
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where I = (i n , .., ii, ii) if I = (i±, i2, i n )- Moreover VjQ = Jcri_(vj)*JVL = 
JA^vjQ = vjQ. 

Let (H,P,Sk, 1 < k < d) and (H,P,Sk, 1 < k < d) be the Popescu 
dilation described as in Theorem 2.2 associated with (IC,Vk, 1 < k < d) and 
/C, v k , 1 < k < d) respectively. Following [BJKW] we consider the amalga- 
mated tensor product H ®k, H of H with H over the joint subspace /C. It is 
the completion of the quotient of the set 

CI® EI®K, 

where /, / both consist of all finite sequences with elements in {1, 2, .., d}, by 
the equivalence relation defined by a semi-inner product defined on the set by 
requiring 

< I <S> I <S> f,U <S> IJ <S> g >=< f, vjvjg >, 

< I ® I J <g) f,IJ ® / ® g >=< vjf, vjg > 

and all inner product that are not of these form are zero. We also define two 
commuting representations (Si) and (Si) of Od on H ®k. W by the following 
prescription: 

5 7 A( J ® J (g) /) = \(IJ ® J <g) /), 

Sj\(J®J®f) = \(J®JI®f), 

where A is the quotient map from the index set to the Hilbert space. Note that 
the subspace generated by X(I <g> <g> K) can be identified with H and earlier 
SV can be identified with the restriction of Sj defined here. Same is valid for 
Sj. The subspace /C is identified here with A(0 ® <g) K). Thus /C is a cyclic 
subspace for the representation 

Si Sj ^ SiSj 
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of Od <S> Od in the amalgamated Hilbert space. Let P be the projection on K,. 
Then we have 

S*P = PS*P = v* 
S*P = PS*P = v* 

for all 1 < % < d. 

We start with a simple proposition. 
PROPOSITION 3.1: The following hold: 

(a) The vectors {v* T il : |/| < oo} are total in K if and only the vectors {v}Q : 
|/| < oo} are total in /C; 

(b) For any 1 < i, j < d and \I\, | J| < oo and \I\, | J| < oo 

< q, SjSySiS^sp >=< n, SiSiSys^s^n >■, 

(c) The vector state on 

UHF d ® UHF, = ®° ^Ma ®f M d = ®^M d 

is equal to uj; 

(d) 7i(O d <g> O d )" = B(H ® K U) if and only if {x G B(/C) : r(ar) = x, f(x) = 
a:} = {zl : z G 17}. 

PROOF: By our construction PS*PQ = d*Q = v*Q = PS*PQ for each 
1 < % < d. Thus (a) follows trivially as v}il = v~il for all |/| < oo. Now (b) and 
(c) follows by repeated application of S*£l = S*£l and commuting property of 
the two representation n(O d ®I) and n(I®O d ). The last statement (d) follows 
from a more general fact proved below that the commutant of ir(Od <8> Od)" 
is order isomorphic with the set {x G £>(/C) : t(x) = x, f(x) = x} = {zl : 
z G C} via the map X — > PXP where X is the weak* limit of {A m A n (a;) as 
(to, n) — > (oo, oo). For details let F be the strong limit of increasing sequence 
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of projections (AA) n (P) asn-> oo. Then Y commutes with SiSj, S*S* for all 
1 < i,j < d. As A(P)) > P, we also have A(Y) > Y. Hence (1 - Y)S*Y = 0. 
As Y commutes with SiSj we get (1 - Y)S*S i S j Y = i.e. (1 - Y)SjY = for 
all 1 < j < d. By symmetry of the argument we get (1 — Y)SiY = for all 
1 < % < d. Hence Y commutes with ir(Od)" and by symmetry of the argument 
Y commutes as well with Ti{Od)" ■ As Yf = f for all / G /C, by cyclicity of the 
representation we conclude that Y = I in H ®/c H. 

Let x G £>(/C) so that t(x) = x and f(x) = x then as in the proof of 
Proposition 2.2 we also check that (AA) fc (P)A m A n (:r)(AA) fc (P) is independent 
of m, n as long as m, n > k. Hence weak* limit A m A n (a;) — > X exists as 
m,n — > oo. Furthermore X e 7r(C d <8> (9^)' and PXP = x. That the map 
X — > PXP is an order- isomorphic on the set of self adjoint elements follows 
as in Proposition 2.2. ■ 

Now we will be more specific in our starting Popescu systems in order to 
explore the representation n of Oa <8> Od) in the amalgamated Hilbert space 
H <S>k: W. To that end let w be a translation invariant extremal state on A and 
we fix any extremal point ip G K^i. In the following we will eventually consider 
the Popescu systems (IC,M,v k , 1 < k < d, Q) described as in Proposition 2.4 
and associated dual Popescu space. 

In case we consider the Popescu systems (X, At, Vk, 1 < k < d, ft) described 
as in Proposition 2.3, we need an extra assumption that 0o is T invariant in 
order to define the dual Popescu elements (/C, M', v k) 1 < k < d, Q). In such a 
case by our construction the common subspace /C = closed span of{S , |fi : |/| < 
oo} is cyclic for the representation ir of Od <8> Od in H. ®k "H- For the Popescu 
systems described in Proposition 2.3, the set of vectors {SjQ : \I\ < oo} being 
total in /C, we also conclude that Q is a cyclic vector for the representation 
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7r of Od <S> Od- Note here that n(Od)" restricted to the Hilbert subspace Ti of 
Ti®x.Ti is isomorphic with the GNS space associated with (O d ,^>). Same hold 
for n(O d )" as the set of vectors {v}Q : |/| < 00} are also total in /C. 

However for the Popescu systems (IC,M,v k , 1 < k < d, ft) described as in 
Proposition 2.4, as ft is separating for M. and thus following above we have 
a representation n : Od <E> in the amalgamated space over the common 
subspace /C associated with the support projection P of the state ip in ir(Od)" ■ 
Let G 7r(Orf <E> /)", -B G 7r(J ® be the support projections of the states 
respectively where 

i/j( SlS j) =< ft, s^n > 

and 

^(sjs* ) =< ft, S 7 <?}ft > 

for |/|, I J| < 00. Ti being an invariant subspace of (Si) and M.' = {x G £>(/C) : 
J2k v kxvl = x} by Lemma 7.5 in [BJKW] we recall that P| w = Ej w . Hence 
£S/S}ft = PS/S}ft = Vl v*jQ for all |/|, I J| < 00}. Since ft is cyclic for M 
and E G vr((9 d <g> C^)" we conclude that ft is cyclic for the representation it of 

It is also obvious that Tc(Od)" restricted to the Hilbert subspace Ti is iso- 
morphic with the GNS space associated with (Od,i/)). However same prop- 
erty for Tr(O d )" is not immediate as ft may not be a cyclic vector for 7i(Od)" 
unless E\^ = P\\ . Thus this property can be ensured by Lemma 7.5 in 
[BJKW] applying to the dual representation (Si) provided we assume that 
{x G B(K) : YskVkXvl — x} — M.. This additional condition is rather deep 
and will lead us to a far reaching consequence on the state uj. In the following 
we prove a crucial step for that goal. 
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PROPOSITION 3.2: Let u be an extremal translation invariant state on 
A and if) be an extremal point in K w i. If the amalgamated representation n of 
O d <S> O d in H ® H of the Popescu systems (IC,M,v k , 1 < k < d) are taken as 
in Proposition 2.4. 

(a) 7r(C d <g> O d )" = B{H ® K U). Furthermore n{O d )" and n(O d )" are factors 
and the following sets are equal: 

(i) H = {z G S 1 : i/>/3 z = V}; 

(ii) H n = {z : (3 Z extends to an automorphisms of 7r(O d )"}; 

(iii) H n = {z : f3 z extends to an automorphisms of n(O d )"}. Moreover ir(I <g> 
UHF d )" and (7r(UHF d <g> I)" are factors. 

(b) z — > C/ 2 is the unitary representation of if in the Hilbert space 7i ®k. 'H 
defined by U z (n(si <8> Sj)Q = n(zsi <g> z5j)Q 

(c) The centre of 7r(UHF rf ® UHF^)" is invariant by the canonical endomor- 
phisms A(X) = J2iSiXS* and A(X) = £^X§*. Moreover for each % the 
surjective map X — > S*XSi keeps the centre of ^(UHFrfCSUHFd)" is invariant. 
Same holds for the map X — > S*XSi. 

PROOF: P being the support projection by Proposition 2.4 we have {x G 
Z3(/C) : f ifc^f fc = x} = .M'. That (At', f, O ) is ergodic follows from a general 
result [M01] ( see also [BJKW] for a different proof ) as (A4,r,(po) is ergodic. 
Hence {x G B{K) : r(x) = f(x) — x} — C Hence by Proposition 3.1 we 
conclude that ir(O d <g> 6 d )" = B(H ® K H) 

That both n(O d )" and n(O d )" are factors follows trivially as n(O d (g) O d )" = 
B(H ®c r H)- By our discussion above we first recall that f2 is a cyclic vector 
for the representation of ix(O d (8) O d ). Let G = {z = (zi, z 2 ) £ S 1 x S 1 : 
j3 z extends to an automorphism of 7r(O d <g>O d )"} be the closed subgroup where 

f3 z (si <g) §j) = z\Si ® z 2 Sj. 
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By repeated application of the fact that n(O d ) commutes with ir(O d ) and 
S*Q = S*Q as in Proposition 3.1 (b) we verify that ip(3( z ,z) = 4> on O d ®O d . For 
z E H we set unitary operator U z -n(x®y)Vl = ir((3 z (z) ®f3 z (y))Sl for all x E O d 
and y E O d . Tues we have U z n:(s i )U* = zn(si) and also U z ir(§i)U* = zsi. By 
taking it's restriction to ir(O d )" and ir(O d )" respectively we check that H C H n 
and H C if„.. 

For the converse let z G if,,- and we use the same symbol /3 Z for the extension 
to an automorphism of ir(O d )". Since A commutes with f3 z on O d , the canonical 
endomorphism A defined by A(X) = J2k SkXS% also commutes with extension 
of (3 Z on n(O d )". Note that the map n(x)\ n — > ^(^(x))^ for x E O d is a well 
defined linear *-homomorphism. Since same is true for z and [3 z f3 z = I, the 
map is an isomorphism. Hence f3 z extends uniquely to an automorphism of 
ir(O d )" n commuting with the restriction of the canonical endomorphism on H. 
Since ir(O d )" n is a factor, we conclude as in Proposition 2.5 (a) that z E H. 
Thus Hj, C H. As n(O d )" is also a factor, we also have H w C if. Hence we 
have H = H n = H-x and G C H x H. 

For the second part of (a) we will adopt the argument used for Proposition 
2.5. To that end we first note that £1 being a cyclic vector for the representation 
O d ®O d in the Hilbert space H^icH, by Lemma 7.11 in [BJKW] (note that the 
proof only needs the cyclic property ) the representation of UHF^ on Ti 'H 
is quasi-equivalent to it's sub-representation on the cyclic space generated by 
Vl. On the other hand by our hypothesis that uo is a factor state, Power's 
theorem [Pol] ensures that the state u' (i.e. the restriction of u to Ar which 
is identified here with UHF^ ) is also a factor state on UHF^. Hence quasi- 
equivalence ensures that 7r(UHF rf <g> /)" is a factor. We also note that the 
argument used in Lemma 7.11 in [BJKW] is symmetric i.e. same argument is 
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also hold true for UHF^. Thus ir(I <S> UHF^)" is also a factor. 

As A(E) commutes with 7r(A(UHF d ) <g> UHF d )" and {SiS* : 1 < i, j < d} 
we verify that A(E) is also an element in the centre of ^(UHF^ ® UHF^)" 
as f3 z A = Af3 z . For the last statement consider the map X — > S*XSi. As 
(3 z (S*XSi) = S*(3 z (X)Si for all z e G, it preserves 7r(UHF d <g> UHF d )" and 
clearly onto. Hence all that we need to show that S*ESi is an element in the 
commutant whenever E is an element in the centre. To that end note that 
S*ESiS*XSi = S*SiS*EXSi = S*XESi = S*XSiS*ESi. Thus onto property 
of the map ensures that S*ESi is an element in the centre of ir(\JEF d ®XJEF d )" . 
This completes the proof of (c). ■ 

One interesting problem here how to describe the von- Neumann algebra X 
consists of invariant elements of the gauge action {f3 z : z E H} in B(H ®k, *H)- 
A general result due to E. Stormer [So] says that the algebra of invariant 
elements are von-Neumann algebra of type-I with centre completely atomic 
centre. On the other hand invariant elements X contains ^(UHF^ ® UHF^)". 
In the following we prove that the equality hold if and only if 7r((9 d (g>UHF d )" = 
7r(UHF d <S> Od)" = B(H ®k. Moreover such equality hold if and only if uo is 
pure on A. However as a first step we describe the center of ^(UHF^UHFrf)" 
by exploring Cuntz relation that it is also non-atomic for a factor state 00. In 
the following we give an explicit description. 

PROPOSITION 3.3 : Let (O d ,ijj) be as in Proposition 3.2 with Popescu 
system (X, A4,Vk,Q) is taken as in Proposition 2.4. If uj is a factor state A 
then the centre of 7r(UHF rf ® UHF rf )" is completely atomic and the element 
E = [vr(UHF d <g> UHFrf)' V 7r(UHF d <g> UHF d )"fi] is a minimal projection in 
the centre of ^(UHF^ ® UHF^)" and centre is invariant for both A and A. 
Furthermore the following hold: 
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(a) The centre of 7r(UHFd® UITFd)'' has the following two disjoint possibilities: 

(i) There exists a positive integer n > 1 such that the centre is generated by 
the family of minimal orthogonal projections {A k (E ) : < k < n — 1} where 
n > 1 is the least positive integer so that A n (E ) = E . 

(ii) The family of minimal nonzero orthogonal projections {Ek : k G ZZ} where 
E k = A k (E ) for k > and E k = S^EqSj for k < where |/| = -k and 
independent of multi-index I generates the centre. In such a case H = S 1 and 
E = E', where E' = [vr(UHF d <g> UHF d )"fi]. 

(b) A(£) = A(£) for any £ in the centre of 7r(UHF d <g> UHF d )" 

(c) If A(£ ) = E then £ = 1- 

PROOF: Let E' G ^(UHF^ ® UHF d )' be the projection on the subspace 
generated by the vectors {SiS}Sj/S},Cl, \I\ — | J|, |/'| = | J'| < oo} and 7r^ be 
the restriction of the representation ir of UHF rf ® UHF rf to the cyclic subspace 
Tin generated by Q. Identifying A with UHF^ <g> UHF rf ) we check that is 
unitary equivalent with ttq. Thus 7Tq is a factor representation. 

For any projection E in the centre of 7r(UHFd ® UHF^)" we note that 
EE' = E'EE' is an element in the centre of irn(XJHF d <g> UHF rf )". a; being a 
factor state we conclude that 



for any projection E in the centre of 7r(UHF rf <g> UHF rf )". Thus we have 



for all element E in the centre of ^(UHFrf^UHF^)". Since EE' is a projection 
we have u(E) = uo(E) 2 as E' ^ 0. Thus oo(E) = 1 or 0. So for such an element 
E the following is true: 



EE' = u{E)E' 



(3.2) 



EEq = Ul(E)Eg 



(3.3) 
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(i) If E < E then either E = or E = E 

(ii) u(E) = 1 if and only if E > E 

(iii) u(E) = if and only if EE = 0. 

As A(E ) is a projection in the centre of 7r(UHF d ® UHF rf )", either 
tv(A(E )) = 1 or 0. So we have either A(£ ) > E or A(E )E = 0. In 
case A(E ) > E we have S*E Si < E for all 1 < % < d. However by (i) 
as S*E Si being a non-zero projection in the centre of 7r(UHF rf ® UHF rf )", we 
conclude that E = A(E ). 

Furthermore if A(Eq)Eq = 0, we have A(Eq) < I — Eq and by Cuntz's 
relation we check that E < I - S*E Si and S^SfEoSiSj < I - S*E Sj for 
all 1 < i, j < d. So we also have EoS^SfEoSiSjEo < E - EqS^EqSjEq = 
Eq. Thus we have either EoS^S^EoSiSjEo = or E^SlE^SiSjE^ = E as 
S*S*E SiSj is an element in the centre by (b). So either we have A 2 (E )E = 
or A 2 (E Q ) < E . A being an injective map we either have A 2 (E )E = or 
A 2 (E ) = So- 
More generally we check that if A{E )E = 0,A 2 (E Q )E = 0, ..A n (E )E = 
for some n > 1 then either A n+1 (E )E = or A n+1 (E ) = E Q . To verify 
that first we check that in such a case E < I — SjE Si for all |/| = n and then 
following the same steps as before to check that S^S^EoSjSi < I — S*E Si for 
all i. Thus we have E$S* S^EqSiSiEq < Eq and arguing as before we complete 
the proof of the claim that either A n+1 (E )E = or A n+1 (E ) = E . We 
summarize now by saying that if A(E )E = then either we have E A n (E ) = 

for all n > 1 or there exists an integer n > 2 so that E A k (E ) = for all 

1 < k < n- 1 but A n (E ) = E . Since S^Q = S}Q we verify that to(A n (E )) = 
uj(A u (Eq)). Thus the sequence of orthogonal projections Eq, A(Eq), A 2 (Eq), ... 
are also periodic with same period or aperiodic according as the sequence 
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of orthogonal projections Eq, A(Eq), .... By the above we summarize now by 
saying either A(E ) > E ( hence A(E ) > E ) or the sequence of orthogonal 
projections E , A(E ), A 2 (E ), ... are also periodic with same period n > 2 or 
aperiodic according as the sequence of orthogonal projections E ,A(E ), .... 

Let 7Tfc, k > be the representation ir of UHF rf <g> UHF rf restricted to the 
subspace A k (E ). The representation n of UHF^UFfFd is quasi-equivalent to 
the representation n of UHF rf ®UHF rf restricted to E' . uj being a factor state, n 
is a factor representation. Now we fix any k > 1 and let X be an element in the 
centre of 7r fc (UHF rf <g> UHF rf ). Then for any |/| = k, S}XSj is an element in the 
centre of 7r (UHF d <g> UHF d ). Further S^XSj = S* I XS I S*JS J = S}XSj for all 
\J\ = |/| = k. 7r being a factor representation, we have S}XSi = cE for some 
scaler c independent of the multi-index we choose |/| = k. Hence cA^Eq) = 
J2\j\=k SjSjXSjS} = J2\j\=kSjSjSjS}X = X as X is an element in the centre 
of ^(UHFd <S> UHF d ). Thus for each k > 1, ir k is a factor representation as n 
is. 

Let 7Tfc, k < — 1 be the representation ir of UHF rf ® UHF rf restricted to the 
subspace SjE Si where / is any multi-index |/| = —k. E Q being an element 
in the centre of UHF rf <g> UHF rf , the projection E k = SjE Si is independent of 
the multi-index. Going along the same line as above, we verify that for each 
k < 0, 7Tfc is a factor representation of UHF^ ® UHF^. 

We note that A(E )A(E ) ^ 0. Otherwise we have < Stf, SjQ >= for 
all i,j and so < S*Q, S*Q >= for all i,j as ix(O d )" commutes with 7r(O d )". 
However S*Q = S*Q which leads a contradiction. Hence A(E Q )A(E ) ^ 0. As 
7r restricted to A(E ) is a factor state we conclude that A(E ) = A(E ). Using 
commuting property of the endomorphisms A and A, we verify by a simple 
induction method that A m (E ) = A m (E ) for all m > 1. By Cuntz's relation 
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and commuting property of two Cuntz's representation we also get from the 
equality A n (E ) = A n (E ) that S|£ Sj = S}E Sj for any |/| = \J\ = n. 

Now we consider the case where E , A(E Q ), ..A n (E ), .. is a sequence of ape- 
riodic orthogonal projection. 
We set 

E k = A k (E ) for all k > 1 

and 

E k = S}E Sj for allA; < 1, where |/| = —k 

As Si Sj with |/| = |J| commutes with E being an element in the centre of 
7r(UHFrf (g) UHFrf)"we verify that the definition of E k is independent of multi- 
index / that we choose. Further A n (E ) = A n (E ) ensures that 57 commutes 
with E for all |/| = \J\. Hence we get E k = S^EoSjS^Sj = S*jE Sj for all 
|J| = |/|. Hence we have A(E k ) = A(E k ) = E k+ i for all k eZ. We also claim 
that {E k : k G Z} is an orthogonal family of non-zero projections. To that 
end we choose any two elements say E k , E m , k ^ m and use endomorphism 
A n for n large enough so that both n + k > 0,n + m > to conclude that 
A n (E k E m ) = E k+n E k+m = 0ask + n^k + m. A being an injective map we get 
the required orthogonal property. Thus J2k& E k being an invariant projection 
for both A and A we get by cyclicity of Q that J2k& E k = I. 

We also set 

U z = £ z n E n , z E S 1 

and verify that U z SiU* = zSi and U z S,iU* = zSi for all 1 < i < d. Hence 
H = S 1 as U Z Q = Q for all z G S 1 . However cyclicity of the vector Q for 
7r(O d ® 6 d )" ensures that E = E' and E k = A k (E') for all k > 1 and E k = 
S*jE'Si for k < 0, where |J| = — /c. For an explicit proof note that the new 
family of projections F k = A k (E') for k > and F k = S^E'Si for all k < 
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are orthogonal as they are subspace of another orthogonal family E k but their 
sum is an invariant projection for A and A. Hence by cyclicity of Vt it is equal 
to /. Hence we get the required equality. ■ 

Now we prove an important step for the central point of the main result. 

PROPOSITION 3.4: Let (O d ,if>) be as in Proposition 3.3 with Popescu 
system (/C, M., v k , Q) is taken as in Proposition 2.4. Then the following state- 
ments are equivalent: 

(a) uj is a pure state on A; 

(b) n(O d <g> UHFrf)" = 7r(UHF d <g> 6 d )" = B{H ® H); 

(c) The von-Neumann algebra generated by {f3 z : z G H} invariant elements is 
equal to 7r(UHF d <g> UHF d )"; 

In such a case the centre of 7r(UHF d <g> UHF rf )" is equal to {U z : z G H}". 

PROOF: We will prove that (a) implies (b) , (b) implies (c) and then (c) 
implies (a). 

Now we explore the pure property of u to prove that each representation 
ir k of UHF rf ® UHF rf is pure. For fc = 0we have nothing to prove. Now fix any 
k G Z and let X be an element in the commutant of 7r fc (UHF rf ® UHF rf )". If 
k > 1 we check that S}XSj is an element in commutant of 7r (UHF (J (g)lJHF d ) // , 
where \I\ = k. Hence S}XSi is a scaler independent of / as tt is pure. Hence 
as before we use commuting property of X with 7i(XJ!lF d ®UE.F d )" to conclude 
that X = cA k (E ) for some scaler c. If k < —1 we employ the same method 
with endomorphism A~ k to pull back X to an element in the commutant of 
7ro(UHF(2 ® UHF d )". We omit the details as it is similar to what we have done 
in Proposition 3.3. 
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Hence the family of projection {E k : k G ZZ} is a maximal abelian algebra 
in the commutant of ^(UHF^ ® UHF d ) and decomposes into irreducible repre- 
sentations. Since the family of {E k : k G ZZ} is also a factor decomposition of 
7r, commutant of 7r(UHF d ® UHF d ) is generated by the family of projections 
{Eh : k G /Z}. Thus for any X G 7r((9d ® UHF^)' we have X = J2k °kE k and as 
A(X) = X we get c fc = c k+1 . Hence 7r(C d <g> UHF d )" = B(H ®^ ft). Similarly 
we also have vr(UHF d <g> d )" = i3(ft W). This completes the proof that (a) 
implies (b). 

That (b) implies (c) follows as in the proof for Proposition 2.5. Now we 
assume (c). In such a case by Stormers theorem [So], 7r(UHF d <g> UHF d )" is 
type-I von-Neumann algebra with centre completely atomic. The projection 
E 1 = [^(UHFd^UHFd)"!!] is an invariant element and thus by (c) is an element 
in the centre of 7r(UHF d <g) UHF d )". As E' < E and E is minimal we conclude 
that E' = Eq, Hence the representation 7r of UHF d <g> UHF^ i.e. the restriction 
of 7r to E' is a type-I factor representation. Hence w is a type-I translation 
invariant factor state on A. Now we refer to [BJKW, Lemma 7.13 ] to conclude 
that uj is pure. This completes the proof that (c) implies (a). 

We claim that the centre is equal to {U z : z G H}". As f3 w (U z ) = U z 
for all z,w G H, we have U z G ^(UHFrf ® UHF^)" by (c). Hence {U z : z G 
H}" is a subset of the centre. Conversely if x is an element in the centre of 
7r(UHF d ® UHFrf)" then E k xE k G 7r fc (UHF d <g> UHF d )'. Since each ir k is pure, 
we conclude that E k xE k = c k E k for some c k . Hence x = J2k c kEk is an element 
in {U z : z G H}". ■ 

The following proposition is a crucial step that will be used repeatedly. 



PROPOSITION 3.5: Let uo be an extremal state on A and ip be an 
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extremal element ip in K w . We consider the Popescu elements (fiC,Vk : 1 < k < 
m,Ai,Q) as in Proposition 2.4 for the dual Popescu elements and associated 
amalgamated representation n of O d ®O d as described in Proposition 3.1. Then 
the following hold: 

(a) n(O d <g> 6 d )" = B(H ® K H)] 

(b) Q = EE is the support projection of the state ip in ir(O d )"E and also in 
n(O d )"E where E and E are the support projections of the state ip in ir(O d )" 
and n(O d )" respectively. 

(c) If uj is pure on A then the following hold: 

(i) Q = P, 

(ii) [7c{O d )"Q] = E and [ir(O d )"G\ = E. 

(d) If uj is as in (c) and then the following statements are equivalent: 

(i) M! = M where M = {PS.P : 1 < % < d}" and M = {PSiP : 1 < % < d}"; 

(ii) 7T(O d )' = 7T(6 d )". 

PROOF: For (a) we will apply Proposition 3.1 (d). To that end let x be 
any element for which t(x) = x = f(x). Since P is the support projection of 
the state in ir(O d )" by Proposition 2.4 x G M! and (j\4,t, 0o) is ergodic. 
However by a general result of Frigerio [Fr] ( see also appendix of [BJKW], 
[Mol] for a ready proof ) (M', f, O ) is ergodic. Hence x is scaler as x G M'. 

By our construction in general n(O d )" C n(O d y. Before we aim to prove 
the reverse inclusion we state few general points now. To that end let E and 
E be the support projections of the state ip in ir(O d )" and n(O d )" respectively. 
We set von-Neumann algebras j\f\ = n(O d )'E and j\f 2 = 7r(O d )"E. Note that 
it is enough for ir(O d y = 7r(O d )" if we prove that A/2 = A/i- That it is enough 
follows as E being the support projection of the state on the factor ir(O d )", 
we have E > [ir(O d )Q] and hence A n (E) | I as n — > 00 because f2 is cyclic 
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for n(O d <8> Od) in 7i <S> 7~t- Hence two operators in 7r(O d ) r are same if their 
actions are same on E. Further we note that Q = EE G A/" 2 C A/i and 
claim that Q is the support projection of the state ip in Af 2 . To that end 
let xE > for some x G 7r(<9 d )" so that ip{QxQ) = 0. As A k (xE) > 
for all k > 1 and A k (E) — > 7 we conclude that x > 0. As Sil = f2 and 
thus ip(ExE) = ip{QxQ) = 0, we conclude E'x/J = 0, being the support 
projection for n(Q d )". Hence = 0. As ip(Q) = 1, we complete the proof 
of the claim that Q is the support of ip in A/2. Similarly Q is also the support 
projection of the state ip in n(O d )"E. As E e n(O d )" and E G n(O d )" we check 
that von-Neumann algebras A4i = Q7r(O d )"Q and A^i = Qn(Od)Q acting on 
Q satisfies Mi ^ M[. 

Now we explore that ir(O d ® Od)" = 6(W ®jc *H) and note that in such a 
case Qn{Od®Od)"Q is the set of all bounded operators on the Hilbert subspace 
Q. As E G 7r(O d )" and £ G 7r(O d )" we check that together Mi = QTt{O d )"Q 
and Mi = Qix{Od)Q generate all bounded operators on Q. Thus both Mi 
and Mi are factors. The canonical states ip on Mi and Mi are faithful and 
normal. 

We set l k = QS k Q and l k = QS k Q, 1 < k < d and recall that v k = PS k P 
and v k = PS k P, 1 < k < d. We note that Pl k P = v k and Pl k P = v k where 
we recall by our construction P is the support projection of the state ip in 
ir(Od)\'[ir(Od)&]- Q being the support projection of 7r(O d )E, by Theorem 2.4 
applied to Cuntz elements {SiE : 1 < % < d}, 7r(O d )'E is order isomorphic with 
M[ via the map X ->• QXQ. As the projection F = [ir(O d )"Q] G n(O d )', we 
check that the element QFEQ G M[. However QFEQ = EEFEE = QPQ = 
P and thus P G M[. 

Now we aim to prove (c). To that end, going along the line of Proposition 
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2.5, we note that (3 = {f3 z : z G H} invariant elements in 7r(O d <8> UHF^)" 
are 7r(UHF d <g> UHF d )" i.e. {U z : z G H}' = 7r(UHF d <g> UHF d )" and by a 
Theorem of E. Stormer [So] Jc(O d <8> UHF d )" is type-I von-Neumann algebra 
with completely atomic centre. In particular the family {U z : z G H}" is the 
centre of 7r(UHFd <g> UHF^)". Let U z = J2k z k E k be the spectral decomposition 
where either 0<A;<nor— oo</c<oo according as H is a cyclic subgroup 
of S 1 or H = S 1 . That E = [7r(UHF d <g> UHF d )"ft] follows as E is a minimal 
projection in the centre. Hence 7r(UHF d ® UHF rf )" restricted to -E is pure. 

As &(F) = F for all * G H, F G 7r(UHF rf <g> UHF^)". The hard part is to 
show now that F G 7r(UHF d )". 

We claim that E 7r(XJHF d ®XJHF d )"E n(£ 7r(UHF)£ )' = E ir(VRF d )"E . 
To that end note that for each fix m, n > 0, von-Neumann algebra 
A m A n (7r(UHF d (g)UHF d ) is also a type-I von-Neumann sub-algebra of 7r(UHF d <g) 
UHFrf) with centre {U z : z G H}". Thus the relative commutant of 
A m A n (7r(UHF d <g> VBF d ) i.e. {SjS^SS}, : |/| = |J| = m,\I'\ = \J'\ = n}" 
is a type-I von-Neumann algebra with centre {U z : z G H}". Hence 
{E SiSjE : |/| = \J\ = m}" is type-I sub-factor of a type-I factor 
{E S I S}SS},E : \I\ = \ J\ = m, \F\ = \ J'\ = n}" acting on the subspace E . 
As subfactors {E S I S* J E : |7| = | J\ = m}" and E S r S*j,E : |/'| = | J'\ = n}" 
are type-I, we conclude by a standard argument that {E SiS}SSj'E : \I\ — 
\J\ = m ,\r\ = \J'\ = n}"C\{E S I S*jE : |/| = |J| = m}' = {E S r S*j,E : 
l-^'l = l^'l = n Y '■ Now by taking limit n — > oo and then m — > oo we com- 
plete the proof of our claim. Same argument is valid if we replace E by any 
E k . Hence relative commutant of 7r(UHFd)" in ^(UHF^ ® UHF^)" is equal to 
7r(UHF (i )"V{C/ 2 : z G H}" . Thus for each k we have PE k G E k Q7i(VBF d )"QE k 
and so P e Qir(UEF d )"Q. As F is the strong limit of A n (P) as n -> oo, we 
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conclude that F G En(UHF d )"E. E(> F) being the support projection of ip 
in 7r(UHF d )", we conclude that F — E. Hence Q = EE = EF = P. 

Thus Q is a cyclic and separating vector for both Mi and J\A 1 . As A n (P) = 
A n (E)E t E as n -> oo, we get £ = [7r((9 d )'n] = [7r((9 d )"Q] and similarly £ = 
[n(O d yn] = [ir(O d )"n]. As EE = P and n{O d )" is isomorphic with vr(C d )[^ we 
conclude that P is the support projection of the state ip in ir(O d )"\n- Following 
the same steps for the dual Popescu system we conclude also that P is the 
support projection of the state ip in 7r((9 d )j!^. This completes the proof of (c). 

Now we are left to prove (d). uj being pure we have P = Q by (c). That 
(ii) implies (i) is obvious. Now we aim to prove the converse. We appeal to 
the commutant lifting Theorem 2.2 for Cuntz elements (SiE) to conclude that 
the self adjoint elements in ETc(O d )'E are order isomorphic with self adjoint 
elements of Qn(O d )'Q ( here we have used that Q is the support projection of 
the state in Mi ) which is equal to }A\ by our assumption that M. = M. and 
P = Q. However Qn{0) d )"Q = Mi and 7r(O d ) C n(O d )'. As Mi is a von- 
Neumann algebra, we conclude by order isomorphic property that self adjoint 
elements in En(O d )'E are equal to the self adjoint elements in En(O d )" . Since 
both are von-Neumann algebras in their own right, we conclude Mi = A/" 2 . This 
completes the proof for (ii) in (d) by our starting observation. ■ 

The merit of the results in Proposition 3.5 is well understood once we note 
that for a factor state oo if M[ = Mi, then Q is also cyclic for Mi and thus 
P = Q. However toward the end of this section we show that the canonical 
trace on A indeed gives an example where M[ is not equal to Mi- Thus a 
more reasonable question that one puts is it true for pure state uj. To that end 
in the following we introduce few more symmetry on u. 
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Let ip be a A-invariant state on Od and ip be the state on Od denned by 

4>( Sl s*j) = ip(sjs}) 

for all |/|, | J| < oo and (H^, ir^, Q^) be the GNS space associated with {O d , ip). 
That ip is well defined follows once we check by (3.1) that 

il>(sjs* } ) = Mvjv}) = 4>o{viv*j) 

and appeal to Proposition 2.1 by observing that cyclicity condition i.e. the 
closed linear span P of the set of vectors {v}Q : |/| < oo} is /C, can be ensured 
if not by taking a new set of Popescu elements {PoVkPo : 1 < k < d}. 

Similarly for any translation invariant state uj on A we set translation in- 
variant state uj on A by 

w( e J(Z)®eg(Z + l)®...®e£(Z + n-l))=a;( e ^(Z)...® e S(Z + l)®4(Z + n-l)) 

Note first that the map ip — > ip is a one to one and onto map in the convex 
set of A invariant state on Od- In particular the map ip — > ip takes an element 
from K u to and the map is once more one to one and onto. Hence for 
any extremal point ip G K U) ip is also an extremal point in K^. Using Power's 
criteria we also verify here that u is an extremal state if and only if uj is an 
extremal state. However such a conclusion for a pure state uj seems not so 
obvious. For the time being we have the following useful proposition. 

PROPOSITION 3.6: Let uj be an extremal translation invariant state on 
A and ip — > tjj be the map defined for A invariant states on O d - Then the 
following hold: 

(a) ip G is a factor state if and only if ip G is a factor state. 

(b) A Popescu systems (/C, M, v k , f2) of ip satisfies Proposition 2.4 with 
(7rv( s fc)> 1 < k < d, P, Q) i.e. the projection P on the subspace /C is 
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the support projection of the state tp in n{Od)" and Vi = Pn^(si)P for all 
1 < % < d, then the dual Popescu systems (X, Ai', v k , Vl) satisfies Proposition 
2.4 with (n^(s k ), 1 < k < d, P, f2) i.e. the projection P on the subspace /C 
is the support projection of the state ip in n^(Od)" and Vi = Pn^s^P for all 
1 < i < d, if and only if {a; G £>(/C) : X)fe v k xv* k = x} = M. 

PROOF: Since uj is an extremal translation invariant state, by Power's cri- 
teria uj is also an extremal state. As an extremal point of is map to an 
extremal point in by one to one property of the map ip — > ip, we conclude 
by Proposition 2.6 that ip is a factor state if and only if ^ is a factor state, (b) 
follows by the converse part of the Proposition 2.4 applied to the dual Popescu 
systems (/C, M', v k) Vi). This completes the proof ■ 

We will show toward the end of this section that for a translation invariant 
factor state uo in general M. need not be equal to M.' and also in Proposition 
3.6 (b) P need not be the support projection of the state ip in n(Od)". To that 
end we introduce few more additional symmetry on uj. 



If Q = Q% } ®Q { l +1) ®....®Qt m) we set Q = Q { ~ l ~ m) ®Q { ~-T +l) 



where Qo, Qi, Q m are arbitrary elements in M^. We define Q by extending 
linearly to any Q G A\ oc . For a state uj on UHF^ C* algebra %M d we define 
a state uj on ®%Md by the following prescription 



Thus the state uj is translation invariant, ergodic, factor state if and only if uj 
is translation invariant, ergodic, factor state respectively. We say uj is lattice 
symmetric if uj — uj. 

For a A invariant state ip on Od we define as before a A invariant state ip by 



uj(Q) =uj(Q) 



(3.4) 



1p(s lS *j) = 1p(SjS*j) 



(3.5) 
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for all |/|, | J | < oo. It is obvious that ip G K u > if and only if ip G and the 
map ip — > ip is an affine map. In particular an extremal point in K u i is also 
mapped to an extremal point of It is also clear that ip G K w i if and only if 
uj is lattice symmetric. Hence a lattice symmetric state uj determines an affine 
map ip — > ip on the compact convex set iO- Thus by Kakutani fixed point 
theorem there exists a ip G so that ip — ip ( otherwise take \ip + \ip ). 

PROPOSITION 3.7: Let w be a translation invariant lattice symmetric 
state on A. Then the following hold: 

(a) If uj is also an extremal translation invariant state on A then there exists 
an extremal state ip G so that ip — ip. Furthermore ip = ip for all ip G K^. 

(b) Let (H,S k , 1 < k < d, Q) be the GNS space associated with (O d ,vp), P 
be the support projection of the state ip in n(Od)" and /C = P7i with Popescu 
systems (K,,A4,Vk, 1 < k < d, Q) as in Proposition 2.4 where Vk = PSkP 
and associated normal state (p on M = {vk,vl : 1 < k < d}" is invariant for 
r ( x ) = J2k v kxvl. Let (H,Sk 1 < k < d,Q) be the Popescu minimal dilation 
in Theorem 2.2 of the dual Popescu systems (IC,M,v k , 1 < k < d, f2) defined 
in Proposition 3.2. Then there exists a unitary operator U : Ti ®£ so that 

u* = u,un = n, us k u* = s k (3.6) 

for all 1 < k < d. 

(c) Furthermore if uj is pure then there exists a unitary operator u : /C — > /C so 
that 

«J7 = f2, uvkU* = Vk (3.7) 

for all 1 < A; < where -uj7"-u* = J", wAk* = and u* = u. Moreover 
M' = M and uMu* = M'. 

PROOF: For existence of a state ip G K u i so that ip — ip, we refer paragraph 
preceding the statement of this proposition. Now we fix any state ip G so 
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that ip = ip. We consider the factor decomposition of the state ip and write 
ip = J® ip r dfj,(r), where each ip r is a factor state on By uniqueness of 

the factor decomposition we verify that for almost all r, tp r is a A invariant 
and ip r = ip r . Since for an extremal state uj', is a face in convex set of 
A invariant states, we conclude that ip r G K u i for almost all r. We choose 
one such extremal point ip r in the central decomposition. Thus there exists 
an extremal point ip G K w i so that ip = ip whenever uj is lattice symmetric 
extremal translation invariant state on A. As tp(3 z = ifjf3 z for all z G S 1 , a 
simple application of Proposition 2.6 says that ip = ip for all extremal points 
in K u i. Hence (a) is true by Krein-Millmann theorem. 
Thus we define U : H (g) K H ^ H (g)K.H hy 

U '. S j SjS ji Sjiil — > S j> Sj/ S i SjQ 

That U is an unitary operator follows from (3.1) and (3.3). By our construction 
we also have US k = S k U for all 1 < k < d. In particular Un(O d )"U* = n(O d )". 

Now for a pure state uj by Proposition 3.5 we have P = Q and hence 
UPU* = UQU* = Q = P which ensures an unitary operator u = PUP on JC 
and a routine calculation shows that 

uv* k u* = v* k (3.8) 

for all 1 < k < d. It is simple to verify now the following steps uSviVjQ = 
uvjv}Q = vjv}Q = Fvjv}fl where SxQ = x*Q, xM and Fx'Vt = x'*Q, x' G 
M.' are the Tomita's conjugate operator. Hence uj Ish = j7"A~^-u, i.e 
uju*ulshu* = J7"A~5 and by uniqueness of polar decomposition we conclude 
that uju* = J and uA^u* = A~5. As U* = U we have u* = u. 

We are left to prove M. = M' . It is obvious that M C M' . However 
M' = JMJ = JuMu*J = uJMJu C uJM'Ju* = uMu* = M. Note 
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that in the third identity we have used that u commutes with J . Hence 
M' = M. ■ 

Before we move to the main result of this section we introduce another useful 
concept. If Q = Q$ ®Q { 1 +1) ®....®Q^ we set Q* = Q l f ] ®Q t( ( +1] ] ®..®Q t( ^ m) 
where Qo,Qi, ■■■,Q m are arbitrary elements in Md and Q t ,Q\,.. stands for 
transpose (not complex conjugate) of Qo,Qi, • • respectively. We define Q l by 
extending linearly for any Q G A\ oc - For a state oo on UHF d C* algebra ®^M d 
we define a state Co on ®%M d by the following prescription 

u(Q)=u(Q t ) (3.9) 

Thus the state Co is translation invariant, ergodic, factor state if and only if oo 
is translation invariant, ergodic, factor state respectively. We say uo is real if 
Co = oo. In this section we study a translation invariant real state. 

For a A invariant state ip on Od we define a A invariant state ip by 

$(s I s* J )=i/>(sjs* I ) (3.10) 

for all |/|, | J| < oo and extend linearly. That it defines a state follows as 
for an element x = J) s i s j we have ip(x*x) = ip(y*y) > where y = 

Y,c(I, J)sjs*j. It is obvious that tp G if and only if ijj G and the map 
ip — > xjj is an afline map. In particular an extremal point in K w i is also mapped 
to an extremal point in It is also clear that ip G K u i if and only if oo is 

real. Hence a real state oo determines an afline map ip — > ip on the compact 
convex set K w i . Thus by Kakutani fixed point theorem there exists a ip G K w i 
so that ip — tp ( otherwise take \ip + \ip ). 

Now we fix one such fixed point i.e. ip = %p and consider the factor decom- 
position of ip — J® tp r dfi(r) where ip r is a factor state on O d for almost all r. 
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Now by uniqueness of the factor decomposition we verify that ip r is A-invariant 
and ?p r = ip r for almost all r. Since uj' is an extremal state, K w i is a face in 
the convex set of translation invariant states, ip r G K u i. We choose one such 
extremal point ip r in the central decomposition. Thus there exists an extremal 
point ip G K u i so that ip — ip whenever u is a real extremal translation invariant 
state on A. 

However unlike the lattice symmetric property we note here that ip o f3 z = 
■0 o fa for any z G S 1 and thus for a real ip £ -^u/, V^z is also real if and only 
if ip(3 z 2 = tp. The closed subgroup H = {z E S 1 : t/j/3 z = ^} of S* 1 is either 
a cyclic group of n > 1 elements or the entire 5 1 . For example if H is the 
trivial subgroup, there exists only two extremal real states in K u ' when uj is 
an extremal state. 

PROPOSITION 3.8: Let wbea translation invariant real state on ®%M d . 
Then the following hold: 

(a) There exists a state tp G K u ' so that tp — ■0. Let (H,ir$(sk) = S k , 1 < 
k < d,il) be the GNS representation of (O d ,tp), P be the support projection 
of the state -0 in n(O d )" and (IC,M,v k , 1 < k < d,il) he the associated 
Popescu systems as in Proposition 2.4. Let -Ufc = Jv k J for all 1 < k < d and 
(7Y, Po; ^) be the Popescu minimal dilation as described in Theorem 2.2 in 
associated with the systems (/C, A4', Vk, 1 < k < d,Q). Then there exists a 
unitary operator W : H — > 7i so that 

Wfi = ft, WS fc W* = 5 fe (3.11) 

for all 1 < k < d. Furthermore P is the support projection of the state -p in 
Tt{Pd)" and there exists a unitary operator w on /C so that 



= f2, wv k w* = JvkJ 



(3.12) 
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for all 1 < k < d and wjw* = J and wA^w* = A~2. Moreover if M. is a 
factor then w* = w. 

(b) If uj is also an extremal translation invariant state then there exists an 
extremal point ip G K w i so that tp — ■0. In such a case w* = w. 

PROOF: We define W : H -> 7i by 

That is a unitary operator follows from (3.10) and thus WSk = StW for all 
1 < k < d. 

P being the support projection we have by Proposition 2.4 that M! = {x £ 
B(H) : Y,k v kxvl = x} and thus M = {x G £>(/C) : J2k JvkJxJv k J}. Hence 
by the converse part of Proposition 2.4 we conclude that P is also the support 
projection of the state tjj in ir(O d )". Hence WPW* = P. Thus we define an 
unitary operator w : /C — > /C by to = PWP and verify that 

= P<?*P 

= PH/^H/*P = PH/P^PH/*P 
= PWPv* k PW*P = wv* k w*. 

We claim that 

wv* k w* = v* k (3.13) 

for all 1 < k < d. To that end we recall that Tomita's conjugate linear 
operators S, F defined as in [BR] are the closure of the linear operators defined 
by S : xQ — > x*Q for x G M and F : yQ — > y*f2 for y G Af. We check 
the following relations wSvjv}Q = wvjv}£l = vjv}Q = Fvjv}Q = Fwvjv*jil 
for |/|, | J | < oo. Since such vectors are total, we have wS = Fw on the 
domain of S. Thus wSw* = F on the domain of F. We write S = J Ah 
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as the unique polar decomposition. Then F = S* = A2 J = J/S. 2. Hence 
wJ'w*wA2w * = J A- 2. By the uniqueness of polar decomposition we get 
wjw* = J and wA^w* = A~2. 

Note by (3.12) and Tomita's theorem that wMw* = M' . However by 
Tomita's theorem we also have JwMw*J = M and as J commutes with w, 
we conclude that wM'w* = M. Further the separating property of the vector 
Q for M. ensures that (3.13) hold if we verify the following identities: 

wv k w*Q, = wv k VL 

= wjv* k n = jwv* k wn = jv* k n = v* k n 

Thus wv^w* = v k . Hence w 2 G M! and as w commutes with J, w 2 E M. 
Thus for a factor M, w 2 is a scaler. Since wil = we get w* = w. This 
completes the proof of (a). 

A proof for existence of an extremal element in is given in the preceding 
paragraph of this proposition. ■ 

A state uj on ®%M d is said be in detailed balance if u is both lattice 
symmetric and real. 

PROPOSITION 3.9: Let uj be a translation invariant extremal lattice sym- 
metric state on the UHF rf algebra ®%,M d . Then the following are equivalent: 

(a) uj is in detailed balance; 

(b) There exists an extremal element ip G K u i so that ip = ip and ip = ip. 

Furthermore if uj is a pure state then the following hold: 

(c) There exists a Popescu elements (/C, Vk, 1 < k < d, Q) so that uj = uj v with 
Vk = JvkJ for all 1 < k < d. 
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(d) The map J : H ® K H -> U ® K U defined by 7r(s 7 s}s/,s},)^ -> 
7t(sj/Sj/SjS/)Q, |/|, I J\, \I'\, \J'\ < oo extends the map J : /C — > /C to an 
anti-unitary map so that J / K{s i )J = n(si) for all 1 < i < d. 

PROOF: Since u is symmetric, by Proposition 3.7 ip — ip for all ip G K^. 
Thus by Proposition 3.8 there exists an extremal element ip G K w i so that 
ip — — tp. This proves that (a) implies (b). That (b) implies (a) is obvious. 

Now we aim to prove the last statement. To that end we fix an ex- 
tremal point ip G K w i so that ip = = %p. We consider the Popescu system 
(JC,A4,Vk, 1 < k < d, Q) as in Proposition 2.4 associated with ip. Thus by 
Proposition 3.7 and Proposition 3.8 there exists unitary operators u,w on /C 
so that 

uv k u* = v k 
wv k w* = Jv k J 

where u* = u, uju* = J ,w* = w wjw* = J and utshu* = wA^w* = A~5. 
Thus 

uwvkiv*u* = JuvkU*J = JvkJ (3-14) 

By Theorem 3.2 for a factor state u we also have M. V M. = £>(/C). As 
M. C M', in particular we note that M. is a factor. We also note that 

wuVkU*w* = wvkiv* = JvkJ (3.15) 

So u*w*uw G M' commuting also with J and thus a scaler as M. being a 
factor. As ufl = wfl = Q, we conclude that u commutes with w. So v = uw is 
a self-adjoint and unitary operator commuting with both J and A^. That v 
commuting with follows as uwA^ = uA~^w = A^uw. M. being a factor 
u 2 = v 2 = 1 and thus v 2 = 1 i.e. v* = v. 
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Let 9 be an unitary element in M! and by (3.14) we also have 



6v6*v k 6v6* = Jv k J 



(3.16) 



By symmetry we also have 



9v9*Jv k J9v9* = v k 



(3.17) 



The automorphism a e : x — > 6v6*x6v6* on .M is independent of 9 and equal 
to = vxv. Since the automorphism ot\ preserves <p , it commutes with 

Tomita's modular automorphism group and conjugation action. Thus in par- 
ticular (3.17) can be rewritten as 



Thus the unitary operator v*9v9* commutes with both {v k : 1 < k < d} and 
{v k : 1 < k < d}. u being a factor state by Proposition 3.2 and our starting 
remark we have M V M. = £>(/C) and thus 9v9* = fiv where /j, is a scaler of 
modulus 1. However v* = v and so we get ji = p, = 1. 9 being an arbitrary 
unitary element in M', we conclude that v E M. As v = JvJ £ M' and M. 
is a factor, v is a scaler multiple of 1. As vQ = Q, we get v — 1. This completes 
the proof for (c). The last statement (d) follows by a routine calculation. ■ 

THEOREM 3.10: Let w be a translation invariant lattice symmetric factor 
state on A and tp be an extremal point K w i . We consider the representation n 
of Od <8> Od described as in Proposition 3.2. Then the following hold: 
(a) If uj is pure then we have the following duality relation 



9v9*d k 9v9* = Jv k J 



(3.18) 



if 



^oj(Al)' 



where Al,Ar are von-Neumann subalgebra of A defined as in section 1. 
(b) If u is also real then H C {1, —1}; 
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PROOF: For (a) we refer to the proof of Proposition 3.5 where we have shown 
that E ir(\]BF d <g> VEF d )E f](Eo7r(VEF d )E )' = E ir(VHF d )"E . For (b) we 
recall that by Proposition 3.9 we have an extremal element ip so that associated 
Popescu elements satisfies the following: 

v k = Jv k J = A^A^ 

for all 1 < k < d. As (3 z (vk) = zv k for all z G H and f3 z (vk) = zvk for all z G H, 
we conclude that z 2 = 1 for all z G H. ■ 

The rest of the results in this section is not directly related with the main 
application discussed in section 4 and section 5. Partly it is motivated to 
highlight what we have gained compare to results obtained in [BJKW]. Be- 
fore we proceed to the next section, here we briefly review and refine the 
main result obtained in Section 7 of [BJKW]. As before let uj be an extremal 
translation invariant state on A and ip be an extremal point in K u >. Let 
P be the support projection of the state ip in n(O d )" and consider Popescu 
systems (/C, M.,Vk, 1 < k < d, Q) associated with (O d ,tp) as defined in Propo- 
sition 2.4. Thus we have Ai' = {x G B()C) : J2k v kXV%, = x} by Propo- 
sition 2.4 (d). However it is not automatic that the dual Popescu systems 
(tC,M,Vk, 1 < k < d,Q) satisfy M' = {x G B(K) : Y.k^kxvl = x}. In fact 
by reviewing the main result in [BJKW, Theorem 7.1] we prove here that the 
property hold if and only if uj is a pure state modulo an additional assumption 
that uj is lattice symmetric. In the following we give the detailed of the result. 

THEOREM 3.11: Let uj be a translation invariant lattice symmetric ex- 
tremal state on A. Then the following are equivalent: 

(a) uj is pure. 

(b) We fix any extremal state in tp G and associated elements (H, S k: 1 < 
k < d,P,Q) and (/C, M, Vk, 1 < k < d,<p ) described as in Proposition 2.4. 
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We consider the dual Popescu elements (/C, Ai, Vk, 1 < k < d,(po) and its 
dilated Cuntz's elements (S k , 1 < k < d, P, f2) as in Theorem 2.2. Then the 
following equivalent statements are true: 

(i) Pe{Si,S;:l<i<<ty'; 

(ii) M = {x e B(K) : Y,kVkXV* k = x}. 

PROOF: That (a) implies (b) follows from Proposition 3.4 irrespective 
weather oo is lattice symmetric or not lattice symmetric. However for the 
converse the condition (i) ensures that P is the support projection of the state 
if> in n(O d )". Hence P = EF where F = [n{O d )"Q]. We recall from Propo- 
sition 3.7 that a lattice symmetric factor state ensures that UEU* = E and 
UFU* = F and thus UPU* = P. Hence uMu* = M where u = PUP 
as in Proposition 3.7 (c). Now following the same step as in Proposition 
3.7 (c) we conclude that M. = M.' . Hence by Proposition 3.5 (d) we have 
ir(O d )" = n(6 d y. p z invariant elements in n(O d )" is 7r(UHF d )" and as 
7r(UHF rf )" is a factor by Arveson's spectral theorem n(O d )" f] 7r(UHF rf )' is a 
commutative algebra ( see also Lemma 7.12 in [BJKW]). Hence its commutant 
i.e. 7r(C d ) / V7r(UHF (i ) // = n(O d )" V7r(UHF (i ) // is a type-I von-Neumann algebra. 
Thus P z invariant elements i.e. ^(UHF^ ® UHF rf )" is a type-I von-Neumann 
algebra by Proposition 7.14 in [BJKW]. Thus oo is a type-I translation invariant 
state on A. Now we appeal to Lemma 7.13 in [BJKW] to complete the proof 
that (a) and (b) are equivalent. ■ 

The results (b) implies (a) in Theorem 3.11 are in a sense a corrected and 
generalized version of Theorem 7.11 in [BJKW]. Purity of the state is also 
related to Kolmogorov's property [Mol] of the canonical Markov semigroup 
(A4,r, 0o ) appeared in Proposition 2.4. For more details and related results 
we refer to [Mo2]. 
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The merit of the results in Proposition 3.5 is well understood once we notice 
that for a factor state iv if M[ = M.\, then VL is also cyclic for M\ and thus 
P = Q. Thus for a lattice symmetric factor state, we have UPU* = P. Thus P 
is the support projection of the state ip in n(Od)" when restricted to the cyclic 
subspace generated by fl. Hence by Theorem 3.11 such a situation ensures that 
iv is a pure state. As the canonical trace on A is a lattice symmetric factor 
state, we conclude that in general need not be equal to M.±. A similar 
argument also says that in general M! need not be equal to M. The lattice 
symmetric property of a pure state iv is an elegant sufficient condition in order 
to guarantee that Ai[ = M. x . However it remains an open question weather 
pure property itself is enough to ensure the equality. 

4 Gauge invariant and translation invariant 
pure states: 

Let G be a compact group and g — > v{g) be a d— dimensional unitary repre- 
sentation of G. By 7 9 we denote the product action of G on the infinite tensor 
product A induced by v(g), 

1 9 {Q) = (•• ® v(g) ® v(g) (g) v(g)...)Q(... <g> v(g)* ® v(g)* <g> 

for any Q G i. We recall now that the canonical action of the group S(d) of 
d x d matrices on Od is given by 

Pv(g)(Sj) = S i V (9) l j 
l<i<d 

and thus 

l<i<d 
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Note that v{g)\e,i >< ej\v(g)* = \v(g)ei >< v(g)ej\ = Y,k,iv(g) l i v(g) j \ei >< 
e^l, where e±, ..,ed are the standard basis for C d . Identifying je, >< ej\ with 
SjS* we verify that on Ar the gauge action /3„( 9 ) of the Cuntz algebra Od and 
7 9 coincide i.e. 7 9 (Q) = (3 v ( g )(Q) for all Q G -4r. 

PROPOSITION 4.1: Let wbea translation invariant factor state on A. 
Suppose that u is G— invariant, 

u{ r ) g {Q)) = lj(Q) for all g G G and any Q G A. 

Let ^ be an extremal point in K u > and (K,,M.,Vk, 1 < < <i, 0o) be the 
Popescu system associated with (H, Si = 7r(sj), fi) described as in Proposition 
2.4. Then we have the following: 

(a) There exists a unitary representation g — > U(g) in £>(7i) and a representa- 
tion g — > ((g) so that 

U(g)SiU( g y = C(g)Pv {9 )(Si), l<t<d (4.1) 

for all g E G and 

(b) There exists a unitary representation g — > in £>(/C) so that 
u(g)Mu(g)* = M for all <? G G and <p (u(g)xu(g)*) = <po(x) for all x G 7W. 
Furthermore the operator V* = (v*, .., v2) tr : JC — > U d ®K, is an isometry which 
intertwines the representation of G, 

(C{g)v(g)®u{g))V* = V*u(g) (4.2) 

for all g £ G, where g — > £((?) is representation of G in £/(l). 

(c) Ju(g)J = u(g) and A it u(g)A- it = u(^) for all g £ G. 

(d) Furthermore if oo is also pure real lattice symmetric and the family {vk : 
1 < k < d} operators are linearly independent (i.e. J2k c kVk = if and only 
if Cfc = for all 1 < k < d ). Then g — > ((g)v(g) h &s a matrix representation 
with respect to an orthonormal basis in C d so that each entries are real. 
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PROOF: uj being a factor state by Proposition 3.3, H is a closed subgroup 
of S 1 . Thus H is either S 1 or a finite cyclic subgroup. We also recall that 
\P g = j3 g \ for all g G G and u being G-invariant we have ipf3 g G for all 
ip G lO and g £ G. 

In case iJ = 5 1 , by Proposition 2.6 iO is having a unique element and 
thus by our starting remark we have ipf3 g = ip for the unique extremal element 
ip G K w i. In such a case we define unitary operator U(g)n(x)Q = 7r(/3 g (x))Q 
and verify (a) with ((g) = 1 for all g G G. 

Now we are left to deal with the more delicate case. Let H = {z : z n = 1}" 
for some n > 1. In such a case by Proposition 2.5 and Proposition 3.2 (a) we 
have tt(O^)" = 7r(UHF d )" and tt(0$)" = 7r(UHF d )". Thus for any < k < 
n — 1 orthogonal projection E k is spanned by the vectors {Si>S*j,SiS*jS* K Vl : 
|/'| = | J'\, \I\ — ] J|, and \K\ = k}. We set unitary operator U(g)' on E k : > 
by 

f/(5f) / 7r(s / /s},s / s}s^-)fi = 7r(/3„ (g) (s 7 /s},s 7 SjS^))fi 

where |J'| = | J'|, |J| = \ J\ and = k. It is a routine work to check that 
U(g)' is indeed an inner product preserving map on the total vectors in E k . 
The family {E k : < k < n — 1} being an orthogonal family projection with 
J2k Ek = I, U (g)' extends uniquely to an unitary operator on H Ti- It is 
obvious by our construction that g — > U (g)' is a representation of G in H®ic?i. 

For each g £ G the Popescu element (H, (3 v ( g )(Sk), 1 < k < d, £1) deter- 
mines an extremal point ip g G and thus by Proposition 2.6 there exists 
a complex number with modulus 1 so that ip g = ipf3^ g ). Note that for 
another such a choice ('(g), we have ((g)((g)' £ H. As H is a finite cyclic 
subgroup of 5 1 , we have a unique choice once we take ((g) to be an element in 
the group S 1 / H which we identify with S 1 . That g — > is a representation 
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of G in S 1 = {z G C : \z\ = 1} follows as the choice in S 1 / H of ((g) is unique. 
Hence there exists an unitary operator U(g) and a representation g — > ((g) in 
S* 1 so that 

u( g )n = n, u( g )s i u( g y = C(<?)& (fl) (^) 

for all 1 < i < d. Thus [%) = Y.k((g) k U(g)' E k for all g G G as their 
actions on any typical vector SiS}S K £l, \I\ = \J\,\K\ = k < oo are same. 
Both g — > £/'(</) and g — > ((g) being representations of G, we conclude that 
g — > is an unitary representation of G. 

The above covariance relation ensures that U(g)^(Od)"U(g)" = n(Od)" for 
all g G G and thus also U(g)7r(O d )'U(g)* = ir(O d )' for all g G G. Now it 
is also routine to check that U(g)FU(g)* = F, where F = {n(Od)"Q] and 
U(g)EU(g)* = E where E = [it(Od)'&\ is the support projection of the state ip 
in n(Od)"- Hence the support projection P = EF of the state ip in the cyclic 
subspace F is also G invariant i.e. U(g)PU(g)* = P for all g G G. Thus we 
define g — > = PU(g)P a unitary representation of g in /C. Hence we have 
u(g)vju(g)* = C(50A,( 9 )(^') = ({.g)viv(g)) for all 1 < k < d. By taking adjoint 
we get u(g)v*u(g)* = ((g)v(g))v* for all 1 < j < d. 

We are now left to prove (c). To that end we first verify that S u(g) = 
u(g)S as their actions on any typical vector VfV}Q are same, where S xQ = 
x*Q for x G M.. Hence by uniqueness of the polar decomposition we conclude 
that (c) hold. 

For (d) we fix an extremal element ip G as described in Proposition 3.9 
so that ip = ip = ip and consider the Popescu elements {v k , 1 < k < d}. Then 
we have v\. = Jv]~J for all 1 < k < k. By the covariance relation we have 
J2i<j<d[C(g) v j(g) — C(9) v j(g)] v j — for all 1 < i < d. By linear independence 
we conclude that there exists an orthonormal basis for JJ d so that the matrix 
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representation (C(g)v l j(g)) of ((g)v(g) with respect to the basis having real 
entries. ■ 

In the following we choose G = SU (2) and explore the covariant represen- 
tation of G obtained in Proposition 4.1 for a translation invariant pure lattice 
symmetric real state u with an additional hypothesis that g — > v(g) is an irre- 
ducible representation of G on C d . SU (2) being a simply connected Lie group, 
g — > £((?) is the trivial representation. 

THEOREM 4.2: Let wbea state on A = ®%M d and d be an even integer. 
Then at least one of the following three statements is not valid: 

(a) uj is lattice symmetric real translation invariant; 

(b) uj is pure; 

(c) uj is a (3 g invariant state where g — > v(g) is an irreducible representation of 
SU(2) in E d . 

PROOF: Note that the vectors {{4>o{v*Vj))) and < Q,S*SjQ > are two 
invariant elements for the representation of g — > <8> ""((7). By Clebsch- 
Gordon Theorem for SU(2) invariant subspace for the representation g — > 
u(g)<S>u(g) is one dimensional and thus there exists a scaler \i so that (fio(v*Vj) = 
/iSj. That pi > follows as f2 is separating for A'f. Hence the family {vi : 1 < 
/c < d} is linearly independent i.e. CkV k = hold if and only if Ck = for 
all 1 < k < d. 

We will prove it by contradiction. Suppose not and uj be a state satisfying 
(a) (b) and (c). By Proposition 4.1 (d) we conclude that there exists an or- 
thonormal basis for C d so that the matrix representation (vj(g)) of v(g) with 
respect to the basis are having real entries. We claim such an irreducible rep- 
resentation with real entries is possible if and only if d is an odd integer. To 
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that end we first prove the following Lemma. 

LEMMA 4.3: Let S be the set of non- negative half odd integers and integers 
and S r = {s G S : there exists a 2s + 1 dimensional irreducible representation 
of SU (2) which admits a matrix representation with real entries }. If s < t G S r 
then t — s, t — s + 1, t + s G S r . 

PROOF: Let g — > v s (g) be an irreducible representation of SU(2) for s G S, 
then by Clebsch-Gordon theorem for any s < t G S we have 

v s (g) ® v t (g) = v t - s (g) © v t _ s+1 (g) © .. © u t+1 ,(ff) 

Now in case s,t G S r then f s ((7) © ft(^) also admits a matrix representation 
with real entries and restricting to each invariant subspace over real scalers we 
check that g — > v t - s +k(g) admits a real matrix representation. ■ 

It is obvious that s = G S r . However s — \ is not an element in S r as all 
unitary matrix with unit determinant and real entries in 2s + 1 = 2 give only 
a representation of one torus U(l), a proper subgroup of SU(2). By taking 
usual rotation in M 3 we check that 1 G S r . Now iterating Lemma 4.3 we check 
that s G S r provided s is an integer. We have already noted that s — | is 
not an element in S r . If s is any odd integer and s G S r then by Lemma 4.3 
s — [s] = \ G S r which is a contradiction. This completes the proof of Theorem 
4.2. ■ 

We are left to deal with another class of example. Let u be a translation 
invariant pure state on A = ©^M 2 . If to is G — U(l) C £77(2) invariant 
then by a Theorem [Ma2] u is either a product state or a non-split state. The 
following theorem says more when u is also real and lattice symmetric. The 
following theorem is originated from one of the referees remark. 
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THEOREM 4.4: Let wbea translation invariant pure state on A = ®%,Mi 
which also be lattice symmetric and real. If uj is also U{\) C SU(2) invariant 
then following hold: 

(a) uj is a non-split state if and only if if = {1, — 1}; 

(b) uj is a split state ( hence product state ) if and only if H = {1}. 

PROOF: Assume for the time being that {i>o,fi} are linearly independent. 
In such a case by Proposition 4.1 there exists a representation z — > m z in /C 
of C/(l) so that u z v u* = ((z)zvo and u z viu* z = C^^i where z — > CI- 2 ) — z fe 
for some k e ZZ. uj being lattice symmetric and real, by Proposition 4.1 
(d) z k v{z) has a matrix representation with real entries, where z — > v(z) is a 
representation of 17(1) C SU(2). Thus {{z k v){z))) = (( Z - k vf(z))) for all z G S 1 . 
Hence z 2k I = ((v ^(z)) -1 ((vj(z))) where the right hand side is a multiple of two 
elements in SU(2). By taking determinants of both the side we conclude that 
z Ak = 1 for all z G S 1 . Hence k = 0. Now by U(l) C S'C/(2) invariance we 
also check that ip(siSj) = if |/| + |J] is not a multiple of 2. Further as 
V>(/^(s 7 s})) = z^-^( Sl s*j) and |/| - |J| = |/| + | J| - 2|J| is a multiple of 
2 whenever |J| + | J| is an even number, we check that —1 G H . By Theorem 
3.10 if C {1, —1} and thus we conclude that H = { — 1, 1} whenever {v ,Vi} 
are linearly independent. In such a case uj is a non-split state. 

Now we consider the case where {t>o, f 1} are linearly dependent. We assume 
without loss of generality that v o ^ and v\ = av . v Vq + v-\y{ = 1 ensures 
that (1 + |a| 2 )u Uo = 1. Thus ViV* = 4>o{viV*) for all < i, j < 1. Hence 

uj{\e h >< e h \ <g) ... ® |e in >< e jn \) = (f) ( v i v *j) = M v ii v ji)-M v inVj n )- This 
clearly shows that uj is a product state, a; being pure, we conclude that there 
is an extremal point ip so that the associated Popescu elements are given by 
Vq — 1 and Vi = 0. In such a case uj is a split state and H = {1}. 
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Thus we can sum up from the above argument that a; is a split ( non-split 
) state if and only if H = {1} (H = {1, -1}). ■ 

5 Ground states of a Hamiltonian: 

In this section we essentially recall known general theory where translation 
invariant states are constructed as infinite volume ground states of spin models 
and illustrate implication of our result to few well known examples. We begin 
with explaining the mathematical physical definition of ground states ( for 
more details, see [Ru,Sa,BR2]). 

We present in the following a standard criteria for definition of a ground 
states. To that end we consider a translation invariant Hamiltonian with finite 
range interaction. For simplicity we assume that h = G Ai oc an d consider 
the finite volume Hamiltonian 

H[ m ,n] = ^2 Qj(ho)- 
n—l<j<m 

The formal infinite volume limit of these Hamiltonian is denoted by 

H='£B j (h ) (5.1) 
The time evolution of a t (Q) of Q G A is obtained via the thermodynamic limit 

a t (Q) = \im A ^e UH ^Qe~ UH \ 
For more details we refer readers to any standard text [Ru,Sa,BR vol-2]. 

A state uj on A is called invariant by (a t ) if cu(a t (Q)) = uj(Q) for alH G M 
and Q G A. 
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DEFINITION 5.1: Let w be a state on A. We say w is a ground state for 
the Hamiltonian H ( formally given by (5.1) ) if and only if 

uj(Q*[H, Q\) > for any Q e A loc (5.2) 

A translation invariant state w is a ground state if and only if uj minimizes 
the mean energy i.e. 

u(ho) = inf0(/i o ) (5.3) 

where infrimum is taken over all translation invariant states ip on A. The set of 
ground states are weakly compact convex set [Sa,BR vol- 2] in the state space 
of A and its extremal points are pure states. It is simple to verify that w is a 
ground state for H if and only if uj 9 (x) = u{ r y g {x)) is a ground state for j g (H) 
for each g E G. We say H is G invariant if "f g (H) = H for all g £ G. H is 
lattice symmetric if H = H and H is real if H = H f , where t represents real 
transpose as in section 3. 

THEOREM 5.2: Let H be 7 9 -invariant and real lattice symmetric where 
7 9 is defined as in Proposition 4.1 for g e SU(2). Then ground state for H 
is not unique for half-odd integer spin chain i.e. d = 2s + 1 and s = |, |, .... 
Moreover the set of ground states are not a Choquet simplex. 

PROOF: Suppose not and u be the unique ground state for (a t ). Then u 
is a pure as extremal ground states are pure [BR-vol-2]. By uniqueness uj is 
also lattice symmetric translation and SU (2) -invariant state as H is so. This 
contradicts Theorem 4.2 as spin s is a half-odd integer. 

The last part is a routine work. By compactness of the ground states, any 
limit point of {u n : u) n (x) = - J2i<k<n ui(9 k (x)), x G ^4} is a translation in- 
variant state. Moreover the limit points are also ground states if uj is a ground 
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states. For a translation invariant state u, we also check that § G ^ g {u))dn(g) 
is a translation and j g - invariant state, where \i is the Haar measure. Thus 
there exists a translation and 7 3 invariant ground state cu for H. If the ground 
states is a Choquet simplex i.e. any point in the ground states can be ex- 
pressed as unique convex sum or integral of its extreme points, the supporting 
extremal states of uj are also translation and 7 s -invariant. This contradicts as 
any extreme point in the set of ground states is pure. ■ 

We are left to discuss few examples. 

XY MODEL: We consider the exactly solvable XY model. The Hamiltonian 
Hxy of the XY model is determined by the following prescription: 

Hxy = -Y, {°?°2 +1) + - 2A E °?\ 

where A is a real parameter stand for external magnetic field, a y ^ and 
are Pauli spin matrices at site j. It is well known [AMa] that ground state 
exists and unique. It is simple to verify that H = H since we can rewrite Hxy 
as sum over element of the form cr^~^a^ + a^~^a^\ Since the transpose 
of a x is itself, transpose of a y is — o y and transpose of a z is itself, we also 
verify that H XY — Hxy- Hence Hxy is real and lattice symmetric. Thus the 
unique ground state is pure translation invariant real and lattice symmetric. 
The Hamiltonian H X y is G — U{\) C SU(2) invariant and thus the ground 
state is also U(l) invariant. Further u is a non-split state if and only if | A| < I. 
For details we refer to [Ma2]. Thus by Theorem 4.4 H = {z G S 1 : ip/3 z = 
^} = {1,-1} if and only if |A| < 1. ■ 

XYZ MODEL: Here we consider the prime example. The Hamiltonian 
Hxyz of the spin s anti-ferromagnetic chain i.e. the Heisenberg's XYZ model 



58 



is determined by the following formula: 

h xyz = J2 {si 3) s { j +1) + sps<f + v + spsW} 

where S x j \ and are representation in 2s + 1 dimensional of Pauli spin 
matrices o x ,a y and a z respectively at site j, where s is half-odd integer or 
an integer. It is well known that Hxyz is SU(2) invariant. It is obvious 
that H is lattice symmetric. We leave the details to prove that it is real i.e. 
Hxyz = Hxyz where H XYZ is the real transpose. Thus the ground state for 
half-odd integer is not unique. ■ 

AKLT MODEL: Here we consider one well known example originated in 
[AKLT]. The Hamiltonian Haklt of the spin s anti-ferromagnetic chain is 
determined by the following formula: 

H AKLT = J2 

where S x j \ and are representation in 2s + 1 dimensional of Pauli spin 
matrices a x ,a y and a z respectively at site j, where s is half-odd integer or 
an integer. It is well known that Haklt is SU{2) invariant. Once more it is 
routine to check that Haklt is lattice symmetric and real. Thus by our main 
result the ground state for half-odd integer is not unique. Here we comment 
that Haklt with integer spin admits a unique ground state. ■ 
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